STOCHASTIC BEHAVIOR OF SPOT AND FUTURE
COMMODITY PRICES: NUMERICAL METHODS
APPROACH

By
R K PAVAN KUMAR PANNALA

COLLEGE OF ENGINEERING STUDIES

Submitted
GROEUM ¢
%%' erfert <"
FHames -Uﬁnergpﬁmugﬁw

IN PARTIAL FULFILLMENT OF THE REQUIREMENT
FOR THE DEGREE OF DOCTOR OF PHILOSOPHY

To
UNIVERSITY OF PETROLEUM AND ENERGY STUDIES

DEHRADUN
March, 2014



CERTIFICATE

This is to certify that the thesis on “STOCHASTIC BEHAVIOR OF SPOT
AND FUTURE COMMODITY PRICES: NUMERICAL METHODS
APPROACH” by R K PAVAN KUMAR PANNALA in partial fulfillment of
the requirements for the award of the Degree of Doctor of Philosophy (Science) is

an original work carried out by him under our joint supervision and guidance.

It is certified that the work has not been submitted anywhere else for the award of

any other diploma or degree of this or any other University.

Supervisor Co-Supervisor

Dr Mukesh Kumar, Dr Vipin Kumar,

Associate Professor & HoD, Assistant Professor (Senior Scale),
Department of Mathematics, Department of Mathematics,

College of Engineering Studies, College of Engineering Studies,
University of Petroleum & Energy University of Petroleum & Energy
Studies, Studies,

Dehradun-248007 Dehradun-248007

The Viva-Voce Examination of R K PAVAN KUMAR PANNALA was

conducted successfullyon .................

Supervisor
Head of the Department External Examiner

Co-Supervisor



DECLARATION

| hereby declare that this submission is my own work and that, to the best of my
knowledge and belief, it contains no material previously published or written by
another person nor material which has been accepted for the award of any other
degree or diploma of the university or other institute of higher learning, except

where due acknowledgment has been made in the text.

Date: .......c.ooeevennnn. Signature:

Name: R K PAVAN KUMAR PANNALA



ACKNOWLEDGEMENTS

First and foremost | would like to thank my supervisors Dr. Mukesh Kumar and
Dr. Vipin Kumar for their continuous motivation, encouragement and support
during the course of my research. They have provided a profound insight and
rightful direction with their immense knowledge and vast experience. | could not

have succeeded without their invaluable and timely support.

I would be failing in my attempt of thanking people who helped in carving the
thesis, if 1 do not quote and acknowledge the help extended by my friend,
philosopher and well-wisher Dr. VV L Narasimaham, who has been a constant
motivator in developing the thesis from designing the research problem till the
preparation of the conclusions. His vision and critical appraisal of the work done

by me has helped me in enhancing the scope and quality of this study.

For a person like me with academic training in pure mathematics, investigating
the mathematical models of finance is like searching in an unfamiliar territory. |
would like to express my heartfelt, special thanks to Mr. Bhanu Prakash,
Faculty of Accounting and Finance, who helped a lot in understanding the
fundamentals of Financial Markets.

| would like to thank Dr. S. K. Banerjee, Senior Professor and Associate Dean,
CoES for his support and encouragement which 1 received from the very first of

my career in this University.

My sincere thanks to Mr. Ravi Kiran Maddali, my dear friend and faculty
colleague, who has been a great source of encouragement to learn MATLAB, the



language of technical computing, which helped me a lot in developing my own
source codes to simulate and analyze the behavior of financial markets.

My sincerest thanks to my very good friend Dr. A Aravind Kumar of the
Central Building Research Institute, Roorkee and Mr. Peri Sachitanand, IIT
Roorkee, for supporting me by providing the required articles published in the
reputed international journals. | cannot thank them enough with only these few

words for their contribution and my gratitude cannot be quantified.

My research discussions with Dr. Maheswar Pathak, my faculty colleague, were
always fruitful and inspired me to think in novel directions. I would like to
express my gratefulness to him. I would also like to thank Dr. Akmal Hussain
and Dr. Mukesh Kumar Awasti for their valuable directions during the

publication process of my articles.

My sincere thanks to Mr. Sasisekhar Mallampalli, an expert of communication
and language skills, who helped me so much more than just English! Thanks also
to Dr. K. S. R. Murthy and Mr. Satya Krishna Nippani who have supported

me in every way when required.

Dr. Asharam Gairola, my senior faculty colleague, supported me a lot with his
insightful suggestions. His directions refined my thought process. | am deeply

indebted for his generosity.

| gratefully acknowledge the support | received from the researchers of the field
Dr. Filiz Tascan, Dr. A J Mohamad Jawad, Dr. W A Hereman, Dr. M T
Alquran, Dr. Mohammad Najafi, and Dr. E S Schwartz. Their timely reviews
and suggestions on the direction and methodology of my work helped me in

carving a meaningful and productive thesis.



| would like to thank my other faculty colleagues of the Department for their
support and encouragement. | am deeply indebted for the support given by them

by sharing my academic work during the crucial periods of my research.

| thank Dr. S. J. Chopra, Chancellor, Dr. Parag Diwan, Honorable Vice-
chancelleor, Dr. Shrihari, Campus Director, Dr. Kamal Bansal, Dean, CoES
and Professor Utpal Ghosh, Dr. S. C. Gupta, Associate Dean, CoES for
theirconstant encouragement and support during the course of my research work.

This opportunity provided by them will be remembered for the years.

A special thanks to my family. Words cannot express how grateful 1 am to my
father Prabhakara Sastry for his sacrifices that you’ve made on my behalf. Your

prayer for me was what sustained me thus far.

I would also like to thank to my beloved wife, Niharika. Thank you for
supporting me for everything, and especially I can’t thank you enough for

encouraging me throughout this experience.

| also acknowledge the support provided by Dr. Anjali Midha, Ms. Rakhi
Ruhal, Mr. Pawan Kumar Paras, Mr. Abhilash Dubey, Dr. Aparna Singh,
Ms. Chandrakanta Rawat, Ms. Preeti, and Dr. Amitabhbhatacharya.



ABSTRACT

Mathematical Models in Finance have been most active areas of research since
their inception in 1973 as Black-Scholes model. Various mathematical models in
the form of linear partial differential equations, nonlinear partial differential
equations, partial-integro differential equations and fractional order partial
differential equations were developed in the financial market (commodity market
as well as securities market) arena. In commodity market most of the
mathematical models are in the form of linear partial differential equations.
However, models of all varieties as mentioned above can be found in securities

market.

The models in financial market as categorized above were solved effectively
using the discretization techniques such as finite difference method (FDM),
operator splitting method, alternating directions implicit (ADI) method, higher
order compact (HOC) method, front-fixing method, exponential time integration

(ETI) method, hybrid finite difference method, penalty method etc.

Apart from the above mentioned discretization techniques, it is found in the
literature that the non-discretization techniques such as Adomian decomposition
method (ADM), variational iteration method (VIM), homotopy perturbation
method (HPM) and homotopy analysis method (HAM) are also very effective in
solving linear partial differential equation (Black-Scholes equation) and obtained
the solution in the form of an approximate polynomial. At the same time
analytical solution techniques such as first integral method (FIM), tanh-coth and
sine-cosine methods in various fields of engineering and science also offer

effective and exact solution for nonlinear partial differential equations.



The present study focusses on the solution of nonlinear Black-Scholes partial
differential equation of securities market and the solution of linear partial
differential equations of commodity market. This work is devoted to study the
efficacy of the mentioned analytical methods on the nonlinear Black-Scholes
equation and the non-discretization techniques on the linear partial differential
equations with variable coefficients proposed by Schwartz and termed as one

factor, two factor and three factor commaodity price models.

This study is divided into nine Chapters and an Appendix. The first chapter is
devoted for introduction to understand the financial market and need of
mathematical modeling in financial mathematics. The second chapter is devoted
to the literature survey of financial mathematical models and its solution
techniques. Chapter 3 presents the description of the non-discretization and
analytical solution techniques which are to be used in the study. Chapter 4 is
devoted to the effectiveness of the analytical solution techniques on nonlinear
Black-Scholes equation. Chapters 5, 6, and 7 devote to testing the efficiency of
non-discretization solution techniques ADM, VIM, HPM and HAM on one factor,
two factor and three factor Commaodity Price models respectively. Chapter 8 is
devoted to the conclusions. Finally, Chapter 9 is devoted to the future scope based
on this study. The Appendix contains the solutions of the commodity price

models and its convergence results obtained using ADM, VIM and HAM.
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CHAPTER-1

INTRODUCTION

1.1 FINANCIAL MARKETS

Financial market is mainly categorized into two types such as Securities Market
and Commodity Market. The main dissimilarity among these two markets is the
goods operated. On commodities markets, futures contracts for real commodities
are bought and sold, while on the securities market, financier’s trade shares of
stock in firms. However, the trading of stocks and commodities on these markets
are similar. Mostly trading happens on the physical exchanges, such as the New
York Stock Exchange (NYSE) and the Chicago Mercantile Exchange (CME).
Though, ample trading also happens off the exchange. Stocks in the securities
market, sold-off an exchange are said to be sold "over the counter."” Commaodities

sold-off a controlled exchange are said to be sold on the "spot market."

The securities and commodity markets are linked in many ways. In concept, the
securities market increases and decreases based on the reported earnings and
projected earnings of the companies with stock trading on an index. When
business decelerates, or the cost of producing products increases, earnings will
fall and so will stock prices. At times, when the commodity markets are rallying,
the rise in prices of those commodities means corporate earnings of users of those
commodities will decline. Sometimes interference by central banks makes a

situation where both commodity markets and securities markets rally or drop.
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1.1.1 SPOT & FUTURE PRICES

Trading in financial products has been an important component of world
economy. Financial contracts in ‘Spot’ and ‘Future’ trading for both financial
securities and commodities have dominated in the international markets. In simple
terms, ‘Spot price’ refers to prices at which immediate delivery/receipt of a
product is made. ‘Future price’ refers to prices at which delivery/receipt of a
product is made on a future date. Financial securities include commercial bills,
treasury bills, shares, bonds and so on. Commodities include metals such as gold,

silver, copper; crude oil, agricultural products, and so on.

1.1.2 FINANCIAL SECURITIES & COMMODITIES

The trading of these financial securities and commodities happen both at national
and international levels involving huge amount of money between the sellers and

buyers with the assistance of registered brokers.

Contracts that started on mere gut feel of the participants in the early stages has
slowly transformed into trade agreements based on logical analysis for the market
conditions and demand and supply factors. Factors such increasing number of
multi-national participants, multi-variant products, and high risk of financial
manipulations, coupled with policies of different governments across the world
mandated for a robust analysis of the price movements of the securities and
commodities traded.

1.1.3 STOCHASTIC STUDY — MATHEMATICAL MODELING

The term Stochastic, as given in Oxford Dictionary “characterized by a sequence
of random variables” and refers to process. Stochastic study aims to understand
the influence in variations of different variables that affect the prices of a product.
The financial industry has both stimulated and benefited from advances in various
disciplines of mathematical sciences like probability, differential equations,
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Optimization, statistics and numerical analysis. The study of financial systems is
centered on the study of the behavior of economic agents in allocating and
deploying their resources, both spatially and across time, in an uncertain
environment. Time and uncertainty are central elements which influence the

financial behavior.

During 1970-1980, a significant research was commenced in development of new
models and refinement of existing mathematical models (Black & Scholes [24],
Brennan & Schwartz [26]-[28]). By this time the financial databases to support
these models were extremely larger and the feasibility of implementing these
models was also much greater. The developments in computing and
telecommunication technologies made possible the formation of new financial
markets and the same technologies made feasible the numerical solution of
complex models of multivariate partial differential equations. During this period
many mathematicians got attracted to the financial services industry by high
salaries and challenging problems.

The advent of mathematical modeling, during the 20™ Century, for the financial
markets has brought a shift in the paradigm and made the contracts of spot, future,
and forwards more reliable. Numerous models were proposed and developed to
support contracts in the financial market arena (Andersen & Andersen [12],
Company & et al [30], Cont & Voltchkova [31], Esekon [41], Jensen & et al. [75],
Kumar & et al. [79], Oosterlee [100], Rodrigoa [108], Schwartz [111], Tangman
& et al. [119], Toivanen [122], Vencer [125], Yun [136], [137]). However, all of
these evolved in the developed western economies and were dominated the

features of those economies.

Economic reforms taken up by the Indian government during 1990°s have
contributed for development of their financial systems. With the development of

economy, financial markets have also advanced and demands for robust analysis
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for market trends gained prominence. Models proposed by western researchers

are being applied with necessary modifications.

Financial mathematics, also termed as financial engineering, mathematical
finance, and computational finance, is the application of mathematical methods to
the solution of problems in finance. It imbibes tools from applied mathematics,
computer science, statistics, and economic theory for financial models.
Investment banks, commercial banks, hedge funds, insurance companies,
corporate treasuries, regulatory agencies and commodity traders apply these
methods of financial mathematics to problems such as derivative securities
valuation, portfolio structuring, risk management, scenario simulation and
commodity prices. Quantitative analysis has brought efficiency and rigor to
financial markets and to the investment process and is becoming increasingly
significant in regulatory concerns. With the pace of financial innovation, the need
for highly qualified people with specific training in financial mathematics

intensifies.

Finance, offspring of economics, concerns itself with the valuation of assets and
financial instruments as well as the apportionment of resources. Centuries of
history and experience have resulted in fundamental theories on the way
economies function and the way we value assets. Mathematics acts as a suitable
tool because it allows theoreticians to model the relationships between variables
and represent randomness in a manner that can lead to useful analysis.
Mathematics, then, becomes a useful reserve from which researchers can draw to

solve problems, provide insights and make the intractable model tractable.

Mathematical finance gathers from the disciplines such as probability theory,
statistics, scientific computing and partial differential equations to provide models
and derive relationships between fundamental variables like asset prices, market

movements, interest rates and convenience yield. These mathematical tools allow
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us to infer conclusions that can be otherwise difficult to find or not immediately

obvious from human intuition.

Support of modern computational techniques help in storage of vast quantities of
data and model numerous variables simultaneously, leading to the ability to model
quite large and complicated systems. So, it may be inferred that techniques of
scientific computing, such as numerical computations, Monte Carlo simulation,

and optimization are an important part of financial mathematics.
1.2 BLACK-SCHOLES MODEL

A large part of any science is the ability to develop testable hypotheses based on a
fundamental understanding of the objects of study and prove or contradict the
hypotheses through repeatable studies. In this light, mathematics is a language to
represent theories and provides tools for testing their validity. For instance, in the
theory of option pricing due to Black, Scholes and Merton, a model [24], for the
movement of stock prices is posited, and in conjunction with basic theory which
states that a riskless investment will result in risk-free rate of return, the
researchers reasoned that a value can be assigned to an option that is independent

of the expected future value of the stock.

This theory, for which Scholes and Merton were awarded the Nobel Prize, is a
classic illustration of the interaction between math and financial theory, which
ultimately led to a surprising insight into the nature of option prices. The
mathematical contribution was the basic stochastic model (Geometric Brownian
motion) for movement of stock prices and the partial differential equation (PDE)
and its solution providing the relationship between the option's value and other
market variables. Their analysis also helped in providing a completely specified
strategy for managing option investment which permits practical testing of the
model's consequences. This theory, which would not have been possible without
the fundamental participation of mathematics, today plays a significant role in a

trillion dollar industry.
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Over the past three decades the deficiencies of the Black-Scholes model have
become progressively clear, with some academic observers continually ringing
the “death knell” of the formula as its weaknesses become more obvious and it
can lead to substantial discrepancies between actual market prices and prices
calculated using the model. These discrepancies between market and theoretical
prices are obvious in the observation of different implied volatilities as per the
exercise prices (smile or skew) and maturities (term structure). Therefore, despite
their popularity and wide spread use, the model is built on some non-real life
assumptions about the market. One problem with the Black-Scholes analysis,
however, is that the mathematical skills that are required in the derivation and

solutions of the model are fairly advanced and probably unfamiliar to many

economists.
Trade Markets & Models
Securities Market Commodity Market
y y
Ex: Stock, Bonds, Bills Ex: Gold, Crude, Corn
| !
Statistical PDE Statistical PDE
Models Models Models Models

Fig. 1 represents the classification of Financial Markets and Models

Critics of Black-Sholes Model, while contributing on the deficiencies, have
proposed further studies in extending the models and also different solution
techniques of these models to address numerous financial products. In real world,

both the enhanced models and their techniques of tracing suitable solution are
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significant due to the dynamics of market. They help in prediction of price
movement of the financial products with highest precision. These models, often
times, are in the form of statistical models and PDE models. However, tracing the
accurate solution for these equations is a herculean task which went arrived would
help in the development of new mathematical techniques. Statistical models
include STARX (McMillan [91]), TAR and STAR (Valtteri [124]), ARIMA
(Khan & et al. [78]), and GARCH (Ramirez & Fadiga [106]), etc. PDE models
include linear, nonlinear partial differential equations (NPDE) and partial-integro
differential equations (PIDE).

Esekon, J. E. [41], developed a nonlinear Black-Scholes model for hedging of
derivatives in illiquid markets, and has obtained analytical solution using

transformation of variables.
1.3 MATHEMATICAL TECHNIQUES

Arriving at analytical solution is phenomenal assignment since most equations do
not have exact methodology for application. However, there are some special
methods such as First integral method (FIM) proposed by Feng [49], Tanh-Coth
method proposed by Wazwaz [127] and Sine-Cosine method proposed by
Alguran & Al-Khaled [11] to get the exact solution of nonlinear PDEs. But, these
methods have their own limitations for their applicability such as involving
variable coefficients, finding the parameters in Tanh-Coth method and Sine-

Cosine methods.

Researchers attempted to develop techniques that could arrive at approximate
solution with desired accuracy. These approximate solution techniques have been

classified into two categories like discretization and non-discretization techniques.
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1.3.1 DISCRETIZATION TECHNIQUES

These include, Finite difference method (FDM) (Brennan & Schwartz [26]-[28]),
Alternating Directions Implicit method (ADI) (Andersen & Andersen [12]),
Front-fixing method & Penalty method (Nielsen & et al. [96]), Backward
difference formula BDF2 (Oosterlee [100]), Operator splitting method (Ikonen &
Toivanen [71]), Explicit-implicit finite difference method (Cont & Voltchkova
[31]), hybrid finite difference method (Cen & et al. [29]), high-order front-
tracking finite difference method (Toivanen [122]), exponential time integration
(ETI) method (Tangman & et al. [119]), Higher Order Compact (HOC) (Kumar &
et al. [79]), are discretization methods in solving the PDE models aroused in

financial market.

1.3.2 NON- DISCRETIZATION TECHNIQUES

These techniques include, Adomian Decomposition Method (ADM) proposed by
Adomian [5], Variational Iteration Method (VIM) proposed by He [59],
Homotopy Perturbation Method (HPM) proposed by Liao [83], and Homotopy
Analysis Method (HAM) proposed by Liao [87], are non-discretization methods
used in solving the Black-Scholes equation. The methods were developed for non-
linear and ordinary differential equations (ODESs) and PDEs, it is proved by later
researches that it can be applied to partial integro-differential equations subject to
the satisfaction of initial boundary conditions.

The above discretization and non-discretization methods were developed for
solving the nonlinear PDEs. However, further researchers have tested them for

linear PDEs with successful results in different fields of engineering and science.

1.4 PRESENT STUDY

The present study “Stochastic Behavior of Spot and Future Commodity Prices:

Numerical Methods Approach” focusses primarily on the PDE models of linear
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(commodities market) and non-linear (securities market) and is based on the
scope for further study, as suggested Esekon [41] “Future work will also involve
solving the nonlinear Black-Scholes equation using the hyperbolic tangent (Tanh)
method.” The ‘Tanh’ method suggested provides an opportunity to arrive at

analytical solutions.

Tan-Coth method, the extension of Tanh method, First Integral Method (FIM),
and Sine-Cosine Method are three powerful methods identified to solve non-linear
PDEs in the literature. Taking these researches as cue the present study aims to
test applicability of FIM, Tan-Coth method, and Sine-Cosine methods to solve
non-linear Black-Scholes equation.

At the same time, the present study proposes to consider testing of non-
discretization techniques such as ADM, VIM, HPM and HAM. These non-
discretization techniques are successfully applied by Allahviranloo [8], on linear
Black-Scholes equation which becomes the base of the present study to test its
applicability to solve one-factor, two-factor and three-factor commodity price

models given by Schwartz [111].



CHAPTER-2

LITERATURE SURVEY

Black, F., & Scholes, M. (1973) [24], developed a parabolic PDE of second order
for European price call option under the following assumptions:

Vi.

Vil.

The stock price monitors generalized wiener process with constant
expected rate of return and constant volatility of the stock price.

The short trade of securities with full use of proceeds is allowed

There are no operation costs or taxes. All securities are naturally divisible
There are no dividends through the life of the derivatives

There are no riskless arbitrage predictions

Security exchange is continuous

The risk free rate of interest is constant and similar for all maturities

The model obtained is:

2

with boundary conditions f(S,t) = {

2
l02.5'26—]c+7‘56—f+a—f—rf

952 as = at

S—K, S=K

0 s<i  Ht=T

and f(0,t) =0, 0<t<T

Solution technique: using the transformation (S, t) = %e‘“x‘bzm W(sg,m),

a2 ro 1 r o1
WheresK—ln( )'m_7(T_t)’a_§_E'b_§+E

S
K

10
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77 72
The Black-Scholes equation has been transformed in tog—Z=Z?}2
K

boundary condition W (s, 0) = (eSkr — 5kr)
St
where si.. = In (;) whent =T and S; = Sy and m = 0.

This is well recognized one dimensional Heat equation. Black-Scholes solved this
equation analytically and following Conclusion(s) were drawn.
e The option value increases continuously as T, r or o2 rises. In each case, it
approaches a supreme value equal to the stock price.

e Option is more impulsive than the stock.

Brennan, M. J., & Schwartz, E. S. (1976) [26], assumed that on the valuation of
options embedded in unit-linked (equity-linked) life insurance products the
contract advantage was linked directly to the market value of a reference
portfolio-the unit-and the embedded guarantee was almost always a maturity
guarantee with some specified absolute amount guaranteed to be paid at maturity.
Defined in this way, unit-linked life insurance agreements was priced by some
adapted version of Black-Scholes option pricing formula.

The model obtained is

0252 ‘;S’; + S + = rf with the following conditions:

i. Attermination T =t

f(5(),0,9,()) = max[S(t) — g,(),0] att=T
ii. At any time at which a influence is deemed to be made to the

reference portfolio

STt =T7,9,(1) = f(S(TH),t =T, g, (1))
iii.  Atany time previous to maturity

limg(r)»eo fs(S(T),t =T, g5(t)) =1

11
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iv. ~ When there are no further contributions to be made to the
mentioned portfolio £(0,t—T, g,(t)) =0
v. At any time previous to the final contribution to the reference

portfolio, f7(0,t =T, g,(©)) =7 f(0,t — T, g, (1))

Solution technique: solved using the finite difference scheme
Conclusion(s):

e The put premium rises with the age of the purchaser at admission
essentially less is likely to be the operative term of the policy, and
of course this effect is more pronounced for longer-term policies
which take the policyholder into the years of high mortality.

e Increased the supposed variance rate from 0.01864 to 0.04 and presented
that an increase in the variance rate increases the value of a call
option and must therefore decrease the value of a put option.

e Measured the ratio between the amount actually invested in the
reference portfolio under the riskless strategy, and the amount
deemed to be invested in the reference portfolio, and shown that this
ratio at different stages in the contract life assuming different rates
of return on funds deemed to be financed in the reference portfolio.

Brennan, M. J., & Schwartz, E. S. (1977) [27], developed a second order
parabolic type PDE for American put options in the similar lines of Black-Scholes
model and used this model to evaluate the pricing of put contracts traded in the
New York dealer market. Solution of the PDE represents the value of the put

option and the put option values found using Finite difference techniques.

2
Model: 26252 2L + 152 4+ 2L — 1 £ with the following conditions
2 052 os ot
i.  f(S5,T)=max[K; — S, 0]

ii.  f(S,t) = max[K; — S, 0]

12
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ii.  f(5,¢t) <K,

iv. f(S,t)=0

V. limgoe f5(S,6) =0

vi.  f(S,T7) = max[(Kr-) — S, f(S — D(T), TH)]

Solution technique: solved the above problem using finite difference scheme

Conclusion(s):

e The model scientifically over-value the put contracts comparative to the
observed market prices

Brennan, M. J., & Schwartz, E. S. (1978) [28], suggested a log transformation
of the Black-Scholes PDE to obtain the PDE with constant coefficients which
makes it possible to apply the explicit finite difference methods such as Crank-

Nicolson method.

1 2020 of L of _
Model: Z0°S*—= +1rS—+—-=rf

Solution technique: using the transformation s =In(S); W(s,t) = f(S,t) the

2 02w
Js2

2
model reduced to %0 +(r— 07) i—f + aa—V: =rW, PDE with -constant

coefficients which has been solved by implicit-explicit finite difference (Crank-
Nicolson method) schemes.

Conclusion(s):

e The implicit finite difference estimate to the log transform of the Black-
Scholes PDE is also comparable to approximating the diffusion process by
jump process. Jump process is indiscriminate one which allows for the
possibility that the stock price will jump to infinity of possible future
values.

e The simpler explicit finite difference approximation agrees to a three point

jump process while the more complex implicit finite difference

13
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approximation corresponds to a generalized jump process to infinity of

possible points.

Schwartz, E. S. (1997) [111], offered three models of commodity prices which he
named as one-factor, two-factor and three-factor models respectively, and derived
the corresponding formulas for pricing futures contract in each model. In the first
model he adopts that the logarithm of the spot price of the commodity follows a
mean reverting process of the Ornstein-Uhlenbeck type, for the second model, he
incorporated a second stochastic factor, the convenience yield in the first model
which is mean-reverting and absolutely correlated with the spot price and was
further extended the second model by seeing the stochastic interest rates to derive
the third model.

One-factor model equation:

%szuxx +k(p—2—1n(x))xu, —u, =0

with terminal boundary condition u(x,0) = x

The two-factor model equation:

0‘2 02 ~
fxzuxx + 010201 XUy, + 72 Uyy + (r —y)xu, + [k(a—y) - A]uy —-u; =0

with terminal boundary condition u(x,y,0) = x

The three-factor model equation:

2 2 2
o1 2 o2 g3
5 X Uex + Uy + T Upp + 010201 XUy + 0203071y, + 010303X Uy, +

(z —y)xu, + k(@ —y)uy, + a(m” —2)u, —u, =0
with terminal boundary condition u(x,y,z,0) = x

where @ = a —

& | >

14
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The normal Black-Scholes postulation of stock diffusion model with constant
volatility was keenly observed by market participants until 1987’s market bang.
The crash introduced a new era of market discipline and witnessed to use different
volatilities which lead a model through Partial Integro-Differential equation for
European option prices which was developed by Andersen, L., & Andersen, J.

(2000) [12]
d ~ a 1 a2
Model: a—’; +(r—qq—2.M)S a_]; + Ejz(t,S).Sza—;; + 4 E[Af] = 1f

E[Af(t,5)] = E[Af (6] ()] - f(&,5) = [, f(t,S2) &(z: )dz — £ (t,S)

with the condition: f(Sy, T) = max(Sy — K, 0)

where {J(t)}:s( is the sequence of positive stochastic variables, and m =
E[J(®) —1]

Solution technique: solved the PIDE using ADI (Alternating Directions Implicit)
method.

Conclusion(s):

e They have given the framework for adding Poisson jumps to the standard
DVF (Deterministic volatility Function) diffusion models of stock price
evolution

e Applied the above PIDE model to the S&P500 market results in a largely

constant diffusion volatility overlaid with a substantial jump component

Jensen, B., J@rgensen, P. L., & Grosen, A. (2001) [75], extended the Brennan,
M. J., & Schwartz, E. S. [26] model by considering the unit-linked (equity-linked)
life insurance products contain a surrender option and with the involvement of
any excess return (surplus) generated by the investments—i.e. a bonus option, and

obtained the second order PDE

15



Chapter-2 Literature Survey

Model: =g2S2 ZS£+ S + f+ ——rf with the condition fr = P(T) for

European style and f; = P(S) for American style for0 < S < T

Solution technique: solved using the Finite difference explicit method techniques.

Conclusion(s):

e The participating policies can be extremely sensitive to changes in the
time to maturity, variations in the spread between the guaranteed interest
rate and the market interest rate, and to modifications in the investment

policy (volatility).

Nielsen, B. F., Skavhaug, O., & Tveito, A. (2002) [96], introduced two
numerical methods for solving Black-Scholes model of American options in the
free and moving boundary.

Model:

5252 ng r5£+ % =7f for §>S5(t) and 0 <t <T with the following

conditions
f(S,t) =max(K —S,0)att =T forS >0

of
et = -1
0Sls=3(t)

f(S,)ls=scy = K — S(t)

limg_e f(S, ) = 0

fS,t) =K—5S for0<S<5(t)

f(S,t) >max(K—5,0) VS>0,and 0<t<T where S(t)is called free

boundary

16
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Solution technique:

e Solved using front-fixing method. The simple idea of this method is to
remove the moving boundary by change of variables, in turns out that this
methodology leads to a nonlinear problem defined on a fixed domain. This
nonlinear problem has been explained by implicit and upwind explicit
difference schemes.

e Penalty method- the basic idea of this technique to add a penalty term to
the above problem there by obtained a nonlinear PDE defined on fixed
domain. This nonlinear problem has been explained by implicit and
upwind explicit difference scheme.

Conclusion(s):
e Computational effectiveness of the schemes differ considerably
e Due to limitations on time steps of upwind explicit scheme, the explicit

scheme is much slower than implicit methods.

Oosterlee, C.W. (2003) [100], was replaced the supposed constant volatility with
stochastic volatility and achieved a generalization of the Black-Scholes PDE as
two dimensional PDE.

Model:

o 4 15292, 4 2595 2L 4,299 or —9) — iyl L -
5 T3 [S 19652 + Z'Dyﬁsasaﬁ +y 196192] +rs—S+ [al(az 9) /1)/\/5] 59
rf = 0 with boundary conditions

£(0,9,t) = max(K,0), V9 >0,t€[0,T]

f(5,0,t) > max(K — S,0), VS=0,t€[0,T]

Solution Technique: solution was achieved with the help of backward difference
formula BDF2

17
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Conclusion(s):

e They choose Crank-Nicolson scheme (also called trapezoid rule)
discretization, because of its L-stability eccentric and having more
advantageous damping properties.

e The time discretization exactness of this implicit scheme is second order.

e With the acceleration technique, fast convergence is attained for an option
pricing problem on grids with different grid sizes. The error of the

discretization is determined by evaluation with reference solutions.

Ikonen, S., & Toivanen, J. (2004) [71], transformed the generalized Black-
Scholes PDE of Oosterlee, C. W. [100], to a linear complementarity problem with
initial and boundary conditions.

Solution technique: solved this problem using operator splitting method, in this
each time step is divided into two fractional time steps. In the first step a system
of linear equations were solved while in the second step the early exercise
constraint was prescribed by performing a simple update.

Conclusion(s):

e Studied the accuracy of the operators splitting methods in the numerical
experiments and found out that their exactness was similar to the
exactness of the PSOR method.

e The splitting does not essentially raise the error.

e The computed prices were in good arrangement with the prices available
in the literature.

e The time convergence of the Crank-Nicolson method was somewnhat
irregular while the time convergence for the L-stable BDF2 and Runge-

Kutta methods was sturdier.

Cont, R., & Voltchkova, E. (2005) [31], extended the jump-diffusion model with
finite jump intensity given by Andersen, L., & Andersen, J. [12], by considering
infinite jump intensity (i.e., singular integral kernels) and developed the

following model.

18
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In addition, they suggested an analysis of the convergence of the model which
was lacking in Andersen, L., & Andersen, J. [12].
Model:

Z—: =Lf on(0,TIxR, u(0,s9) = h(sg),x ER; u(r,sy) = G(t,50), So &R
where

g

Lf = 22— 2 [ [fGs0 + ) fs0) = (5 — 1) L] dg

So =1In (Si) andt =T —t, S, initial stock price

0

Solution technique: solved using explicit-implicit finite difference scheme
Conclusion(s):
e When the number of time/space steps is amplified. The performance is
quite similar to the case of Black-Scholes model
e The performance of the error (for a fixed grid size) as a function of
maturity for a smooth one (forward contract) and a non-smooth one (put
option).
e A non-smooth initial condition leads to a lack of small T
e Numerical convergence of a double barrier put price as the number N of

space steps rises.

Rodrigoa, M. R., & Mamon, R. S. (2006) [108], developed a model for the price
of an option on a time dependent dividend-paying equity.

Model:

%252 OF (O [r—D(t)]S%—rf =0

asz = oS

with the conditions f(S,T) = (S; — K)* = max(Sy — K, 0)
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Solution technique:
Using the transformations £(S,t) = ho(£)f (S, 1), S = ¢po(t)S, Tt = YPo(t),
t=T when t =T, the above model has transformed to PDE with constant

coefficients

12529 0f  &0f _ £

ZO'CS 352 + T + rCSaS_ =1.f

with terminal condition £(S,T) = max(S; — K, 0)

It was solved analytical in the similar lines of Black-Scholes model

Conclusion(s):

e Results indicates that the price of a European call option on a non-
dividend paying equity is decomposed as a product of three simple terms
involving of a Black-Scholes price for the constant-coefficient case in a
non-dividend-paying set-up, the ratio of two strike prices, and a modified
factor reflecting the parametrised time.

e This offered method can also be applied to other European-type options

such as puts

Cen, Z., Le, A, & Xi, L. (2007) [29], were applied hybrid finite difference
scheme on a piecewise uniform mesh for a class of Black-Scholes equations

governing option pricing which is path-dependent.

Model:

1,2620% | Of _ o _ i :
5078ttt [rS —D(t)] s =1f for (S,t) € Q with the following
conditions

f(ol t) = gl(t)' f(STt t) = gZ(t)l tE[O, T): f(S' T) = g3(S)' SE RO

Solution technique:
e Solved using hybrid finite difference scheme on a piecewise uniform

mesh. In spatial discretization a hybrid finite difference scheme linking a

20
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central difference method with an upwind difference method on a
piecewise uniform mesh was used.

e For time discretization, they used an implicit difference method on a
uniform mesh.

Conclusion(s):

e On applying the discrete maximum principle and barrier function
technique they proved that their scheme was second-order convergent in
space for the arbitrary volatility and the arbitrary asset price.

e For K =1024 a sufficiently large special value they obtained second-order

convergence in space.

Xi, L., Cen, Z.,, & Chen, J. (2008) [132], presented a numerical method
combining the Crank-Nicolson method in the time discretization with a hybrid
finite difference scheme on a piecewise uniform mesh in the spatial discretization
to solve Black-Scholes PDE.
Model: they considered the model obtained by Cen, Z., Le, A., & Xi, L. [29]
Solution technique: solved by combining the Crank-Nicolson method in the time
discretization with a hybrid finite difference scheme on a piecewise uniform mesh
in the spatial discretization.
Conclusion(s):
e The difference scheme is steady for the arbitrary volatility and arbitrary
asset price.
e They showed that the scheme was second-order convergent with respect to
both time and spatial variables
e This difference scheme can handle the degeneracy of the Black-Scholes
differential operator at S = 0 without truncating the domain

Company, R., Jodar, L., & Pintos, J. R. (2009) [30], developed non-linear
Black-Scholes equation model for European vanilla call option pricing under
transaction costs.

Model:
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1 o%f a%f of | of
S8 (1 + @ [exp (r(T - t)agszm)])szﬁqu rsL+d=rf, 5>0,
t €[0,T]

with following conditions

f(S,t)|t=r = max(0,S —K),S>0; f(0,t) =0; limg_, (S, —1

S—Ke-T(T-t)
Whel’e aO = HO”VONO

02 = o} (1 + @q [exp (r(T —t)a3Ss? ZZTZ)D

Solution technique:
The above nonlinear problem transformed into another simpler nonlinear
parabolic problem with bounded domain.

Transformation:

2
Using the substitution s,, = e” T-8)S; 7, = ‘;—O(T —t); U=e"TDf  the above

2 2
problem reduced to ;TU — [1 + @, (aés% 2 U)]sza—u =0; 0<s, <00, 0<

as2)]°m as2
GET .0 . . .
Ty < TWIth initial-boundary conditions
U0,t,) =0; limg 400 U(Sp,Tp) =5 —K;  U(sp, 0) = max(0,s, — K)
The transformed partial differential equation has been solved using an explicit

finite difference scheme.

Conclusion(s):
e The solution of scheme is positive, monotonically increasing in the space-
index
e The parameter a, has a direct influence in the steadiness condition

e For ay = 0, the model becomes well known Black-Scholes PDE
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e The numerical scheme was reliable i.e.: the exact hypothetical solution of
the partial differential equation approximates well to the exact solution of

scheme as the step sizes tends to zero

Jump-diffusion mathematical models lead to partial integro-differential operators
that are non-local, owed to the integral part. That their discretization yields full
matrices makes various methods computationally too expensive. Andersen, L., &
Andersen, J. [12], and Ikonen, S., & Toivanen, J. [71], have considered numerical
methods for jump-diffusion mathematical models based on the linear
complementarity problem and variational inequality formulations, through finite
difference discretization. One of the central objectives of those studies has to
advance computational efficiency by using second-order exact discretizations and
faster ways to handle the integral operator. Toivanen, J. (2010) [122], derived a
numerical method based on the free-boundary formulation for pricing American
options in jump-diffusion models with finite jump activity. For easiness, he
considered only American put options; similar methods can easily be resultant as
well for American call options when the underlying asset paying dividends
constantly. His front-tracking method achieves an implicit finite difference
discretization on time-dependent non-uniform grids refined near the expiry and
free boundary. For interpolations amongst grids and the construction of finite
difference stencils, Lagrange interpolation polynomials were used. It gives an
easy way to implement fourth-order accurate discretization as well. A non-linear
system of equations is solved using Brent’s root-finding method, which is easy to
use, robust and efficient at each time step. An improvement of that formulation is
that it was easy to develop higher-order methods by tracking the location of the
free boundary and then by refining grids sufficiently near the free boundary,
where the solution is less steady. Also, suggested second-order and fourth-order
perfect discretization with respect to the number of time and space steps. The
numerical tests confirmed that these convergence rates are attainable under the

Black—Scholes model.
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Model:

of 1 d2f = of ~ ~

=505 = (r = 1%)S 5o+ (r + )f = A [ £ (£, Ss;) fo(s)ds
(t,S) € [0,T)xR*

If 2 = 0, the above model will reduces to the standard Black-Scholes PDE [24]

Solution technique:

Solved based on the free-boundary formulation for pricing American options
under jump-diffusion models with finite jump activity. For simplicity, he
considered only American put options; similar methods can easily be derived as
well for American call options when the underlying asset paying dividends
continuously. His front-tracking method performs an implicit finite difference
discretization on time-dependent non-uniform grids refined near the expiry and
free boundary.

For interpolations between grids and the construction of finite difference stencils,
Lagrange interpolation polynomials were used.

Conclusion(s):

e An advantage of this formulation is that it is easy to develop higher-order
methods by tracking the location of the free boundary and then by refining
grids sufficiently.

e This gives an easy way to implement fourth-order accurate discretization
as well.

e At each time step, a non-linear system of equations is solved using Brent’s
root-finding method, which is easy to use, robust and efficient near the

free boundary, where the solution is less regular.

Sophocleous, C., & Leach, P. G. L. (2010) [115], solved the commodity price
models analytically
Model: considers the one-factor, two-factor, and three-factor commodity price

models given by Schwartz, E. S. [111]
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Solution technique: solved these equations using Lie point symmetries and

obtained analytical solution

Tangman, D. Y., & et al. (2011) [119], developed a model for pricing fixed-
strike arithmetic Asian options under the Black—Scholes model and obtained the
following model

Model:

of _ 1, 2620 _ of _ .7 (ﬂ)a_f
=305 asz+(r qd)SaS rf + o 0<S<o, 0<as<

o, 0<t<T

with the following conditions
f(S,as,0) = max[@,(a; — K),0]; o _ —rf asS — 0; % _pasS — oo
s 0%%s at as?

where @, = 1 for fixed strike call and @, = —1 for fixed strike put

Solution technique:

e The methodology uses the exponential time integration (ETI) scheme in
combination with a dimensional splitting technique. They have chosen to
implement this time stepping scheme though ETI can be expensive over
very refined meshes.

Conclusion(s):

e Showed that precise Asian option prices can be obtained by using
dimensional splitting, which involves a spectral or a central discretization
in the asset price, a Hermite interpolation beside the average quantity and
a Strang splitting strategy within the ETI framework developed.

e They have designated how to obtain at least second-order convergent
solutions for Asian options with multiple features using the Black—Scholes
model, the jump-diffusion model and CGMY processes.
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Yun, T. (2011) [136], developed a model for price changing of commodities
under the assumption that the rising price of commodity immediately effect the

price of its relying products without any delay.

Model:
ou_ ) o
ot Pegyz

where; t < t, is an equilibrium state

The initial-boundary conditions are:

Du;j(0,07) =ujp at t=ty=0andu; =0

(i) 5L = u;(0,01) —~u(0,07) =ty at t =1ty =0andu =0

[u(x,07)-u(0,07)] /
po—s =u, att=ty=0anduy; =0

...\ OU
(lll)a =

Solution technique: solved the above problem using the substitution u(x,t) =

EE:
A e“1**<2t and hence obtained the solution is u(x, t) = u;pe\"/° 7 \%o
Conclusion(s):

e Equivalence to heat diffusion equation, the price changing diffusion
equation was obtained via the description of Newton’s second law

e The major dissimilarity between the above equation and heat diffusion
equation was that the constant can be measured and is known as a given
constant in heat equation, while herein the constant p. is tough to be

measured and is treated to be an unknown constant and has given by

_ Yjoljo
- 2
!
(“io)

e When the price varying declines then the substitution can be replaced by

Pc

u(x, t) = A e“1* 2t to get the solution.
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Fadugba, S., Nwozo, C., & Babalola, T. (2012) [48], they underwent to the
comparative study of the convergence of the two numerical methods to the Black-
Scholes price of European options.

Model:

Considered the standard Black-Scholes PDE [24]

Conclusion(s):

e Both the numerical methods have its advantages and disadvantages of use:
finite difference method converges faster and more accurate, they are
fairly robust and good for pricing vanilla option. They can also require
sophisticated algorithms for solving large sparse linear systems of
equations and are relatively difficult to code.

e Monte Carlo method works effectively for pricing both European and
exotic options, it is flexible in handling varying and even high dimensional
financial problems, hence in spite of its significant progress, an early
exercise is problematic.

e Crank Nicolson method is unconditionally steady, more précised and

converges faster than Monte Carlo method when pricing European option.

Nwozo, C. R., & Fadugba, S. E. (2012) [98], they underwent to the comparative
study of the convergence of the three methods to the Black-Scholes price of
European options.
Model: Considered the standard Black-Scholes PDE [24] and Binomial model
Solution technique: Monte Carlo method and Finite difference method (Crank-
Nicolson) and with the results of Binomial model
Conclusion(s):

e Binomial models are good for pricing options with early exercise

opportunities and they are relatively easy to implement but can be quite

tough to adjust to more complex functions.
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¢ Finite difference methods converge quicker and more accurate; they are
fairly tough and good for pricing vanilla options where there are
possibilities of early exercise.

e Monte Carlo method works perfectly for pricing European options,
approximates every arbitrary exotic options, it is flexible in handling
varying and even high dimensional financial problems.

e Crank Nicolson method is unconditionally steady, more perfect and
converges faster than Binomial model and Monte Carlo method when
pricing European option.

e Monte Carlo method is good for pricing the path dependent options

Kumar, A., Waiko, A., & Chakrabarty, S. P. (2012) [79], developed a model
for the pricing of arithmetic average strike Asian call option and obtained the
following model:

Model:

zzaf of f
> SaSZ+S + +S =rf

where £ (S, 1, t)=Asian call option price; I(t) = fOtS(c) dg

The above problem is three dimensional which leads to greater computational
expenses. This inspires the reduction of higher dimension problem into lower
dimension.

Transformation:

R(t) = f S(u)du

S()
Let £(S,1,t) = S H(R,t) for some function H(R,t) by substituting this the above

equation reduces to

2R2 o’ + (1- rR) — + — = 0, with the following conditions:

HR(T),T) = max(1 - %R(T),O)
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HR,t) =0 for R » o

0H |, 0H
TR i 0 asR-0
Solution technique:

Crank-Nicolson Implicit Method (CNIM) and Higher Order Compact (HOC)
which is fourth order finite difference scheme

Conclusion(s):

The results attained by both the methods were excellent agreement with Monte

Carlo results

For very small values of o, the results attained using HOC Scheme are more

accurate compared with the Crank-Nicolson Implicit method.

Yun, T. (2012) [137], studied the application of the instant diffusion equation to
the calculation of strategy on changing of owning shares or currencies. The
strategy of selling share(s) with maximum altering rate of price-ratio and
purchasing share(s) with lowest altering rate of price-ratio (SMaPMi) was
calculated by instant diffusion equation with multiple sources of stock-price
changing.

Model: considered the same model of Yun, T. [136]

where u; (x, t)= represents the price of commodity ‘x at time ‘t” due to a raising
price changing source at x;; The diffusion with beginning at time 0~ and end at
the time 0% changes an old equilibrium state to a new equilibrium state.

Q) uj(xj, 0‘) =ujo at t =07

At 1

(ii) % _ L(0)—2 0] [ (e 0*) —u(x,07)] iy att=0"

[uj(x,O_)— uj(xj,o_)]
X—Xj

LU _
(|||)% = lim,.,y; =ujp att =0

Solution technique: solved the above problem using the substitution u;(x,t) =

A e€i1(x=%)+¢j2t and hence obtained the solution is
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ui(x, t) = 0e< >(x x])+< 10>t

Conclusion(s):

e SMaPMi is well-matched for short term speculation, if operator is proper.

e Diffusion is a process from the beginning of a breaking of an old stability
state to the end of a new stability state due to inertia. The calculation of
approach of SMaPMi based on diffusion equation of multiple sources, was
suited for time t > O+ (the end of the new equilibrium state) if no new
breaking facto acting.

e SMaPMi is also suited for changing of currencies.

Esekon, J. E. (2013) [41], studied the hedging of derivatives in illiquid markets

and derived a nonlinear Black-Scholes equation given by

of 41,2629 f 2\ 204 of _ ¢ _
at+2 S 652(1+2pl 652)+ p,(1 — a?)o?s (asz) +rsL_rf=0

If a;, = 1,7 > 0 this corresponds to no slippage and the model moderates to

af zzaf o°f _ _
4202528 (1420, 5T L) 4 rsL—rf =0

If r = 0then the model reduces to

af 226f
at+ 5652(1+2p15 ) 0

If p, = 0 then the asset’s price monitors the standard Black-Scholes model with
constant volatility

Solution technique: assumed the solution of a forward wave, a classical solution
for the nonlinear Black-Scholes equation was found.

Conclusions:

The solution of this model supports all the suppositions of Black-Scholes model

[24], that the option is more volatile than the stock.
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Allahviranloo, T., & Behzadi, Sh. (2013) [8], solved the standard Black-
Scholes, using non-discretization techniques.

Model: considered the standard Black-Scholes [24] equation

Solution Technique: solved the Black-Scholes equation using Adomian
decomposition method, Modified Adomian decomposition method, Variational
iteration method, Modified Variational iteration method, Homotopy perturbation
method, Modified Homotopy perturbation method, and Homotopy analysis
method.

Conclusion(s): Homotopy analysis method was the faster convergent method than

the other considered methods.
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2.1 CONCLUSION

In the literature it is found that Black-Scholes (BS) equation (used to find option
price in securities market) has been solved by discretization techniques such as
Finite Difference and Finite Element Methods and non-discretization techniques
such as Adomian Decomposition Method, Variational Iteration Method,

Homotopy Perturbation Method and Homotopy Analysis Method.

It has also been observed that solution of the commodity price models (used to
find future prices for commodity products) have been solved using discretization
techniques. In these techniques the calculations become cumbersome and these
techniques are quite difficult to handle by market traders. It has been observed
that modeling of spot and future commaodity price models have been used in the
international commodity products. Very few Indian commodity products are

covered under these models.
2.2 OBJECTIVE

In this investigation we shall try to solve the nonlinear Black Scholes equation
(Esekon [41]) using the analytical methods like (i) First Integral Method, (ii)
Tanh-Coth Method and (iii) Sine-Cosine Method. These methods are found to be

powerful in solving nonlinear partial differential equations (NPDE).

We shall also study the applicability of approximate solution techniques like (i)
Adomian Decomposition Method, (ii) Variational Iteration Method, (iii)
Homotopy Perturbation Method and (iv) Homotopy Analysis Method to solve
PDE equations occurring in commodity price models. These techniques give
results what are in close agreement with the exact solutions. These techniques

would be easy to understand and apply at market traders’ level.
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SOLUTION TECHNIQUES
These methods are going to be used in the following chapters.

3.1 ADOMIAN DECOMPOSITION METHOD (ADM)

Adomian decomposition method was introduced by Adomian [5], and in the
literature it is found that it is effective and reliable for applying ordinary (Biazar
& et al. [20], Fadugba [46], Fadugba & et al. [47]), partial differential equations
of linear (Ali [7], Bohner [25], Lesnic [81]), non-linear (Adomian [6], Behirya &
et al. [16], EI-Wakil & et al. [40], Ghoreishi & et al. [52], Luo & et al. [89],
Montazeri [93]), and fractional differential equations (Safari & Danesh [110], Wu
& et al. [131]). In the literature it is also found that modified ADM (Eltayeb [39],
Hasan & Zhu [57], Hosseini [69], Jiaoa & et al. [76], Vahidi & Kordshouli [123].

The Adomian decomposition method is applied to the following general non-

linear equation

Lw + Rw + Nw =? (3.1)
where u is the unknown function, L is the highest order derivative operator which
is assumed to be easily invertible, R is the remaining linear differential operator of

order less than L, Nw represents the nonlinear terms and ? is the source term.

Applying the inverse operator L™ to both sides of equation (3.1) we obtain
w() = ¢ + L Y[f] — L"L[Rw] — L~ [Nw] (3.2)

where ¢ the constant of integration is satisfies the condition Lo = 0
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Assume that the solution w can be represented as infinite series of the form
W = Yo Wn (33)

Furthermore, suppose that the non-linear term Nw = G(w) can be written as
infinite series in terms of the Adomian polynomials A,, of the form
Nw =Y oA, (3.4)

where A, are Adomian polynomials (Biazar & Shafiof [19]) of Nw can be

determined formally as follows

an 0 i
An = [im WEReA W)Y (35)

The first three Adomian polynomials are:
Ay = G(wy)

a '
A= [Z6wotwid)| =wi6'(wo)

2
A, = %[:7 {(wy + 2w, )G (wy + WM)}] = w,G'(wp) + %G”(Wo)

A=0

(Wl +2W2).)2

Az = 2!

[%{(WZ + 3w3A)G'(wy + wyd) +

W

G"(wy + Wll)}h:o

3
= w3G' (Wo) + wyw,G" (Wo) + -G (wo) (3.6)

Substituting (3.3)-(3.6) in (3.2) gives
i oWa = @ + L7 [F| = LHR{ER o wadl = L B0 An) (37)
3.2 VARIATIONAL ITERATION METHOD (VIM)

The Variational Iteration Method (VIM), proposed by He ([59], [60]) and was
applied successfully to autonomous ordinary differential equations (Khader [77]),
nonlinear systems of partial differential equations (Abdou [4], Bildik &
Konuuralp [23], Duangpithak [34], Duangpithak & Torvattanabun [35], Ganji &
et al. [50], Ghorbani & Saberi-Nadjafi [51], Golbaba & Javidi [53], He [61], [62],
He [63], [65], He & Wu [66], [67], Javidi & Golbabai [74], Li [82], Liu & et al.
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[88], Momani & Abuasad [92], Sadighi & Ganji [109], Soliman [113], Soliman &
Abdou [114], Tatari & Dehghan [121], Wazwaz [128]-[130], Yusufoglu [138]),
nonlinear differential equations of fractional order (Abbasbandy [1], Inc [72],
Odibat [99]) and integro-differential equations (Sweilam [116], Xu [134], Yousefi
& et al. [135]).

Consider the following differential equation
Lw+Nw=TF (3.8)
where L is linear operator, N is nonlinear operator and g is a known real function.

According to VIM, we can construct a correction functional, w(.) as follows:
t — ~”~
Wier = Wa() + f @ {Lwa () + NwR () = F ()} at (3.9)

where ¢ is the general Lagrange multiplier, w, is an initial approximation, w,, is
the restricted variation, i.e. Sw,, = 0. The optimal value of the general Lagrange
multipliers ¢ can be identified by using the stationary conditions of the
variational theory.

For sufficiently large values of n we can consider w,, as an approximation of the

exact solution.
3.3 HOMOTOPY PERTURBATION METHOD (HPM)

Homotopy Perturbation Method was proposed by He [64] and the detailed
applications of this method can be found in Liao [83].

Let us consider the nonlinear differential equation,

Aw) — ?(r) =0, r € Q with boundary conditions, (3.10)

B (w, ";—j?”) =0, rer (3.11)

where A is differential operator, Bis boundary operator, ?(r) is an analytic

function, I is the boundary of the domain Q.
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The operator, A has been divided in to two parts, L and N, where L is linear, and

N is nonlinear.

Equation (3.10) can be written as, L(w) + N(w) — ? rH=0 (3.12)

Construct a homotopy v, (r,p): Q X [0, 1] = R which satisfies

H(wnp) = (1= P)Lwn) = Lw)] +p [Aw) = F )] =0, (3.132)
or
3 (wn,p) = L(vy) = L(wo) +p L(wo) +p [N(wy) = F ()] = 0, (3.13b)

where r € Q, pe[0, 1] is an embedding parameter, w, is an initial approximation
of equation (3.10), which satisfies the boundary conditions. From equation (3.13),
we obtain

H Wy, 0) = L(vp) — L(wp) =0,

H(wp 1) = A(wy) —F (@) =0,
The process of changing p from zero to unity is just that of v, (r,p) from

wo(r) tow(r).

This process is called deformation in topology, L(v,) — L(wg),and A(vy,) —

?(r) are called homotopic.
From equation (3.13), it can be written as,

Uh — Uho _I_ pvhl _l_ pzvhz + e (3.14)

For p = 1, the approximate solution of equation (3.10),

w = limy,_; vy, = vy, + pvp, + p*vp, + - (3.15)

The present homotopy perturbation method is obtained with the combination of
perturbation method and the homotopy method. The rate of convergence of

homotopy perturbation method depends upon the nonlinear operator A (vy,).
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3.4 HOMOTOPY ANALYSIS METHOD (HAM)

Homotopy Analysis Method was proposed by Liao [84], and given a detailed
explanation about the choice of convergence control parameter by Liao [87]. The
applicability of HAM was found in the literature (Abbasbandy [2], Abbasbandy &
Jalili [3], Alomari & et al. [9], Das & et al. [32], Dinarvand & et al. [33], Esmail
& Habibolla [43], Ezzati & Aghamohamadi [44], Fadravi & et al. [45], Gupta &
Gupta [56], Hashmi et al. [58], Liao [86], Mustafa [94], Nik & Shateyi [97]).
Consider the differential equation N[w(.)] =0 (3.16)
where N is called nonlinear operator, wis an unknown function in the
independent variables

Construct a zeroth-order deformation equation,

(1 = @L[@r( 5q) —wol = qco H(.) N[Br(. 5 q)] 3.17)

where q € [0,1] is the embedding parameter, ¢, # 0is called convergence
control parameter, L is called an auxillary linear operator, @,(. ;q) is called an
unknown function, wy is an initial guess of w(.) and H(.) represents a non-zero
auxillary function. For g = 0 and g = 1 from the equation (3.17) we obtain,

Br(.;0) =wy,  Br(. ;1) = w(.) respectively.

As q increases from 0 to 1, the solution @,(. ;q) varies from wyto w(.). On

expanding the function @, (. ; q) in Taylor’s series with respect to g we obtain,

Br( ) = wo(.) + Xin=1 Wi ()™ (3.18)
where w,,(.) = %(amg’;# )q=0 (3.19)

The convergence of (3.18) depends upon the convergence control parameter c,. If

convergence is obtained at g = 1 we obtain,
w(.) = wo + Xm=1 Wi(.) (3.20)

Differentiate the equation (3.17), m-times with respect to g and the dividing them

by m! and by setting g = 0, we obtain the m™-order deformation equation:
L[Wm(') - Xme—l(-)] = Co Rm(wm—l) (3.21)
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1 M IN[Pn( ;)]

(m-1)! dqm-1 ]q=0 and Xm =

where R,,,(W,,_1) =

{0' ms1o 309

1, m>1

3.5 FIRST INTEGRAL METHOD (FIM)

First Integral Method was proposed by Feng [49] and many of the researchers
shown its efficacy in various fields tested by Biazar & Aslanpanah [18], El-
Ganaini [37], EI-Sabbagh & EI-Ganaini [38], Eslami & et al. [42], Hosseini & et
al. [68], Raslan [107], Sharma & Kushel [112], Taghizadeh [117], Taghizadeh &
et al. [118], Tascan & Bekir [120].

Consider the nonlinear partial differentia equation F(w, w,, we, wee, Wy, ... ) = 0,

(3.23)
where w(.) is the solution of the above equation (3.23). Let us use the
transformations

w(c, t) =W (&), & =¢—ct where’c is constant (3.24)

Using chain rule, we obtain
il d 9 d 92 d?
7)== 5O=20, 50 =750 (3.25)

On Substituting (3.25) in (3.23), we obtain the ODE

On, introducing new independent variables X (&) = W (§),Y = W¢ () (3.27)
Using (3.26) and (3.27), we obtain a system of ODESs

{ Xe(©)=Y(®) (3.28)

Ye©)=Fi(Xe@©)vg(®)
Using the qualitative theory of ordinary differential equations, then the general
solutions to (3.28) can be obtained directly. Though, in general, it is very difficult
for us to realize this even for one first integral, because for a given plane
autonomous system, there is no systematic theory that can tell us how to find its

first integrals, nor is there a logical way for telling us what these first integrals
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are. So, we apply the Division Theorem to obtain one first integral to (3.28) which
reduces (3.26) to a first order integrable ODE. Then, an exact solution to (3.23) is
obtained by solving this equation. Now, let us recall the Division Theorem:

Division Theorem: Suppose that P(.) and Q(.) are polynomials of two variables
in C[.] and P(.) is irreducible. If Q(.) vanishes at all zero points of P(.), then

there exists a polynomial G;(.) in C[.] such that

Q()=P() Gal.)
3.6 Tanh-Coth METHOD

The extension of Tanh method is called Tanh-Coth method proposed by Bekir &
Cevikel [17]. In the literature it is found that both tanh and its extension methods
are powerful in solving the nonlinear partial differential equations (Alquran [11],
Baldwin & et al. [14], Baldwin [15], El-Borai & et al. [36], Gozukizil & Akcagil
[54], Lee & Sakthivel [80], Malfliet [90], Parkes & Duffy [104], Wazwaz [127],
Zayed & Abdelaziz [140]).

Let us consider a nonlinear equation F(w, Wi, We, Wee, Wet, ) =0, (3.29)

Let us assume that & = ¢ — ct where 'c’ is constant, so that w(.) = W ()

T d 9 _d 9* _ad 93 _ a®
which implies, - Cw T a i —ae e —ae (3.30)
On substituting (3.30) in the equation (3.29), we obtain
G (W, We,Weg,..) = 0 which is an ODE (3:31)

If every term of equation (3.31) has derivatives with respect to &, then by
integrating this equation, and by assuming that the constant of integration is zero,
we obtain a simplified ODE.

Let us consider Y = tanh(¢) (3.32)

Using (3.32) the derivatives in right hand side of (3.30) will leads to,
4 _(1-y)&
g (1-v )dY
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a _y2y 4 _y2y2 4%

e 2Y(1-Y )dY +(1-Y9) e

L 21-Y)BY2 - 1L Y1 -v2)2 L 4 (1—y2)3 L (3.33)
dg3 dy dy? dys ’

Let U(€) is in the form,

W(E) = Thpapy* + Th, % (3:34)

where M is an positive integer, will be determined by equating the powers of Y. In
most of the cases, M will be positive integer, otherwise a transformation formula

will be used to overcome this difficulty.
3.7 Sine-Cosine METHOD

Sine-Cosine method is the extension of the Sine-function method and it was
proposed by Alguran & Al-Khaled [11]. It is proved in the literature that it is
effectively applicable in various fileds of engineering and science to get the exact
solution of ordinary and partial differential equations (Alquran [10], Arbabi &
Abadi [13], Bibi & Mohyud-Din [21], [22], Jaafar & Jawad [73], Guner & et al.
[55], Najafi & et al. [95], Rab & Akhter [105], Wazwaz [126], Xie & Tang [133],
Zayed & Abdelazi [139]).

Let us consider a nonlinear equation F(w, wy, we, W, wey, ... ) =0, (3.35)

Let us assume that § = ¢ — ct where 'c’ is constant, so that w(.) = W (§)

d 0 d 9> _a* 9% _ ad

. . . d __ .4 da _da 9% a 0> a
which implies, - Cwa T a@ ae —ae ae —ae (3.36)
On substituting (3.36) in the equation (3.35), we obtain
G (W,Wg,Wee,...) = 0 which is an ODE (3.37)

Integrate the equation (3.37) as many times as possible with respect to &, and
setting the constant of integration is zero, we obtain a simplified ODE.

Let us consider the solution is of the form
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A sinf (us)
w(.) = or (3.38)

A cosP (usé)

where A, 5, u are constants need to be determined.
Using (3.38) the derivatives in right hand side of (3.36) will leads to,

w(§) = Asin® (),
w™(§) = A" sin™ (us8),

(Wn(f))g = n.usﬁ/ln Cos(ﬂs’f) Sinnﬁ_l(ﬂsfl

(w™(©) ee = ~MPUEBPA" sin™ (us€) + g A" B(nf — 1) sin™ 72 (us€) (3.39%)

or

w(§) = AcosP (usé),
w™(§) = A" cos™ (usé),

(W"(©), = —nusBA" sin(usd) cos™ 7 (ugd),

(W"(s‘))&, = —n? ¢ B2 A" cos™ (us§) + nui A" f(np — 1) cos™ 7 (usé) (3.39b)

where 4, u, B, and ¢, parameters need to be determined. Substitute the equation
(3.392a) or (3.39b) in (3.37), and balancing the exponents of the trigonometric
functions cosine or sine, collecting all the terms with same power in cos™ (u ¢)
or sin™ (u &) and equate their coefficients to zero we obtain a system of
algebraic equations among the unknowns A, us, 8 and c. These values will be

determined using computerized symbolic calculations.
3.8 TECHNICAL COMPUTING SOFTWARE

To apply ADM, VIM, and HAM techniques we developed specially designed
codes in MATLAB programming language.
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We also have used the well-developed codes in Maple to verify the solutions

using Tanh-Coth method and Sine-Cosine method.
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BLACK-SCHOLES EQUATION AND ITS SOLUTION

Let us consider the nonlinear Black-Scholes equation (Esekon [41]) with

a,=1r>0

I 252”(1+2p S—)+r5——rf=0 (4.1)

Differentiate the equation (4.1) twice with respect to S, we obtain

2y —(1 + 4,0159) 2 +2p,0%5% (2 i) +2025(1+ 6p,Sg) 2 + 752

+02(1+6p,Sg)g +1g =0 4.2)
where g = ﬁ

Using the transformation g = i_ and s = In(S), the equation (4.2) reduces to
—+—(1+4g) I+ 202 (as)2+%(1+4g)%+r%=0 (4.3)
Again using the transformation § = — the equation (4.3) further reduces to
23 e sE ) @

Equation (4.4) is a nonlinear PDE with constant coefficients.
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4.1 SOLUTION OF NONLINEAR BLACK SCHOLES EQUATION USING
FIRST INTEGRAL METHOD

Let us consider the transformation ¢ = s — ct where ‘¢’ is constant
Using (3.25)-(3.28), the equation (4.4) can be written as,

o2 ) a?
7XY5+7Y +(T‘—C)Y+?XY=0 (4.5)

where X =V (§)and Y = Vg

Xe=Y (4.6a)
21 2 2
Y =§}[—"7xy— (r—c)Y—%YZ] (4.6b)

Let us suppose that d¢ = X dw, then the equations (4.6a) and (4.6b) becomes
Xy = XY (4.7a)

Yo = —XY —ks(r —c)Y —Y? (4.7b)

2
where k, = o
Let us assume that X = X(w) and Y = Y (@) are non-trivial solutions of
equations (4.7a), (4,7b) and

P(X,Y) = ¥ ,a;(X)Yis an irreducible polynomial in the complex domain
C[X, Y] such that

PX(@),Y(@®@)) =Xt a;(X(@)) Y (@)’ = (4.8)

where a;(X), (i = 0, 1, ..., m) are the polynomials in X and a,,,(X) # 0. Equation
(4.8) is called the first integral to equation (4.7a)-(4.7b), due to Division theorem,
there exists a polynomial h; (X) + h,(X)Y in the complex domain C[X, Y] such
that

dP _ 0P dX , 8P dY

o= 5x9a T oo = (X)) + hy CONEE, a:(X(@)) Y (@)} (4.9)

Suppose that m = 1 in the equation (4.8) and compare the coefficients of
Y! (i = 2,1,0) on both sides of (4.9), we obtain
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Xay=Xa,+ (@ —c)ky,a; + hiaqy + hya, (4.10Db)
hlao = 0 (410C)

From (4.10a), we conclude that a, (X) is constant and h,(X) = —1. For
simplicity, let us consider a, (X) = 1.

From (4.10b), it concludes that deg(h, (X)) < deg(ao(X)).

Using a; (X) and h,(X) values, from (4.10b), it can be written as,
Xag =X+ @ —0c)ks+hy —ag (4.10d)

From (4.10d), it can be concluded that a,(X) is not a polynomial.

Hence, due to lack of polynomial a,(X), FIM will not be applied to solve the

nonlinear Black-Scholes equation.

4.2 SOLUTION OF NONLINEAR BLACK SCHOLES EQUATION USING
Tanh-Coth METHOD

Let us consider the transformation § = s — ct where 'c’ is constant
Using (3.30)-(3.33), the equation (4.4) can be written as

o? 92V | o% (3V)? v o oV
7]/@4‘7(6—5) +(T—C)¥+7V¥—O (411)

Integrating the equation (4.11) on both sides,
av

Ty L -V +ZV2=0 4.12
2T r—c " = (4.12)

From (4.12), by balancing the nonlinear term (V Z—‘;) with the highest order liner

term it can be concluded that M will not be a positive integer.

Hence, due to lack of a positive integer value of M, the tanh-coth method will not

be applied to solve the nonlinear Black-Scholes equation.
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4.3 SOLUTION OF NONLINEAR BLACK SCHOLES EQUATION USING
Sine-Cosine METHOD

Let us consider V = A cos? (u§) and from the equation (4.11), we obtain
ABusc cosP(us€) sin(usé) + A2p2uZo? cos?P =2 (ugé) —

A2 - .
AZ.BZH.E o’ COSZﬁ(Usf) - ?,BUSO-Z cos?” 1(.“55) Sln(llsf) -

S B30 cos?P~2(u,8) = T2 BHscos?  (usg) sin(usf) = 0 (4.13)

From (4.13), equating the exponents 25 — 2 and  — 1 yields
2—2=pB—1,s0thatg =1

It needs to be noted that, on equating the exponent pairs 8 — 1 = 28 we obtain
the same value of § = 1.

Setting the coefficients to zero yields,

ABuse = TABy + A2 fPida? — 5 Bula? = 0 (4.142)

MBiisc = rABus = R2FPto? = 0 (4.140)
Y

~Z B = 0 (4.14c)

From (4.14c), we obtain either A = 0or u, = 0

In both the cases we obtain the zero solution.
4.4 CONCLUSION

Literature survey shows that nonlinear equations may be solved using Tanh-Coth,
Sine-Cosine, and FIM methods. As a part of this study, a particular non-linear
Black-Scholes equation (Esekon [41]) is selected to examine its validation using

above methods.

The results show that, while balancing of exponents using Tanh-Coth method, the
positive integer (M) could not be obtained, hence, Tanh-Coth method is not

suitable for its application. Secondly, while using Sine-Cosine method, during
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balancing exponents, B happens to be 1, that supports application of method,
however, the solution happens to be trivial that challenging efficacy of the process
of validation. Similarly, during the application of FIM method, nonexistence of
integral polynomials happens to be the distinct short coming of the method.
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ONE FACTOR COMMODITY PRICE MODEL AND ITS
SOLUTION

5.1 ONE FACTOR COMMODITY PRICE MODEL

The One Factor Commaodity Price Model equation is
%%xzuxx +k(p—A—In(x))xuy —u, =0 (5.1)
with the erminal boundary condition u(x, 0) = x. (5.2)

The closed form solution of the above equation (5.1) along with (5.2) is given by
Schwartz [111].

u(x,t) = exp [e"kt In(x) + (1 — e (,u — % — ~) + % (1- e"z’“)] (5.3)

5.2 SOLUTION OF ONE FACTOR COMMODITY PRICE MODEL
USING ADM

To obtain the approximate solution to equation (5.1) along with (5.2), according

to ADM, we can write as follows

u=u(x,0)+ L [%fxzuxx +k(p—2- ln(x))xux] (5.4)
Uy =X (5.5)
Unsr = [ Apdt forn>1 (5.6)
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5.3 SOLUTION OF ONE FACTOR COMMODITY PRICE MODEL
USING VIM

Using (3.8)-(3.9), the equation (5.1) can be written as

Un+1 =
(. 1) + f p {2228 "sz‘“g"—;"” k(u—1-In(0)x 2252 gt (5.7)
OUpyq =

Sun(x t) +6f ¢{aun(Xt) o1 xzm_k(#_/"{ ln(.X')) aun(Xt)}dt

2 dx?
(5.8)
Stnsy = 81 (1) + 8 [y p {2222  at (5.9)
Sttpsr = Sun(x, (L + ) — 8 [ ¢'6uy (x, t)dt (5.10)
which yields the stationary conditions
14¢=0¢'=0=¢=-1 (5.11)

Substituting the value of ¢ = —1 into the functional (5.7) give the iteration

formulas

t (Qup(x,t) o? 9%un(x,t) = dup(x,t)
gy = U (1) — [y {2200 _ 282 80000 () — 1~ In(a))x 2250 Y g

(5.12)

5.4 CONVERGENCE OF SOLUTION OF ONE FACTOR COMMODITY
PRICE MODEL

5.4.1 Convergence of solution of One Factor Commodity Price Model using
VIM has been verified as given in the following theorem developed in our

investigation. (Pannala [101])
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Let us consider the functions defined as F;; = x%u,,(x,t), F;; = xu,(x,t), and
Fi;s =xInxu,(x,t) are Lipschitz continuous with |F;(u)— F;;(u*)| <
Lyglu — ™|, [Fio(w) — Fi ()| < Ligplu —u*| and [Fi5(uw) — Fiz(w)| <

Lislu —u’|

Theorem 5.1: The solution u,(x,t) obtained from (5.12) converges to the

solution of problem (5.1) when 0 < f;; <1 and 0 < B, <1 where p;; =

{ld111L11 + |d12|L12 + [k|L1z} and B1 = {1 = T(1 — B11)}

Proof: u,,; = u,(x,t) — fot {au’;(tx’t) - %12 2 % —k(u—1-
ln(x))xau:;—ix’t) } dt

Un+1 (X, 8) = up(x, 8) — fot {auré(tx’t) — d11F11 (up) — diaFrp(up) +

Py (uy) Jdt (5.13)

where d;; = %%and diy = k(p—2)

t (ou(x,t)
un (x,t) = ulx, t) — [ { ua’;

— dy1Fi1 () — dqpFrp () + kFy3(w) }dt (5.14)
Let en+1(x: t) = un+1(x; t) - un(x, t), en(x, t) = un(x, t) - u(x' t),
le,(x, t*)| = max; |e,(x,t)|. Since e, is a decreasing function with respect

to 't from (5.13), (5.14) and mean value theorem we obtained,

ens1 (6 ) = e, (0, t) + Jy 2522 — dyy {Fyy (uy) — Fiy ()} — b{Fi () —

Fro@)} + k {Fy3(uy) — Frs (W} dt
en+1(x,t) S ep(x,t) + fot(—en)dt +{ld11|L11 + |d12|L1s + |k|L13}fOt|en|dt

t
en+1(x,t) < en(x,t) — Ten(x, ) + {ld11|L11 + |d12|Lyo + [k|L13} fo lexldt
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ens1(x,t) S en(x,t) — Tep(x, w) + {ldy11L11 + |di2]L1z + |k|L133T |en(x, £)|
ens1(x,t) < {1 =T = B1} len(x, t7)|

where 0 < w < t, hence e, 1(x,t) < Bi2le,(x,t*)], therefore,

llens1ll = maXVtE]len+1| <pBi2 maXVtEJlenl < Brzllexll

Since, 0 < B, < 1, then |le,|| = 0.

5.4.2 Convergence of solution of One Factor Commodity Price Model using
ADM

||ui+1||
Definen; =4 Ikl
0 for ||ui|| =0

for |lwl|=0 . _
if0<n <1, i=123,..then

according to Hosseini [70], >.72, u; converges to the exact solution u.
5.5 NUMERICAL EXAMPLES

Example 5.1: Consider o; = 1, k =1, u = 1.2 and 1 = 1 in the equation (5.1)
Then using (5.4)-(5.6), we obtain the following approximants

Ug =X

Uy = —t*xx* (log(x) — %)

t2xx+(30%log (x)+ 50+log(x)?— 33)
100

uz =

t3xxx(5xlog(x)+ 14)x(20xlog(x)— 50+log (x)?+ 23)
1500

U3z =

t*xx+(1600xlog (x)%— 22280+log(x)+ 13000xlog(x)3+ 2500xlog (x)*— 2591)
60000

"y = (5.15)

Adding all the approximants in (5.15) we obtain the approximate solution of (5.1)

for n=4, as
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xxt2x(50xlog(x)?+ 30+log(x)— 33)
100

u(x.t)=[x—x* t*(log(x)—§)+ +

xxt3#(5xlog(x)+ 14)+(20xlog(x)— 50xlog(x)?+ 23) n
1500

xxt*x(2500+log(x)*+ 13000xlog(x)3+ 1600+log(x)?— 22280xlog(x)— 2591)
60000

(5.16)

Example 5.2: Solved the example 5.1 using VIM
We obtain the following approximant with four iterations

u(x,t) =

t?#(50+log(x)2+ 30+log(x)— 33) 1
( 100 -t (log(x) B E) +

t*+(2500+log(x)*+ 13000+log(x)3 + 1600+log(x)?— 22280+log(x)— 2591)
60000

+

t3x(5+log(x)+ 14)=(20+log(x)— 50«log(x)%+ 23)
1500

+ 1)*X

5.6 SOLUTION OF ONE FACTOR COMMODITY PRICE MODEL
USING HAM, AND HPM

5.6.1 SOLUTION USING HAM:
Using k = .301, u = 3.093, o, = .334, 1 = —.242 we obtain the following
polynomial in x, t, ¢, with the help of MATLAB for n=4,

u4=x*(1.004*co*t — 3.012*ca*t + 3.012xc3*t — 1.004*cF*t +
1.033 x ¢ x t2 — 2.066 * c§ =t + 0.07858 * ¢§ * t3 + 1.033 xc§ = t2 —
0.07858 = ¢§ = t3 — 0.009155 * ¢§ * t* — 0.5 * ¢ * t2 = (0.01679 * Co —

1.0 * (0.301 x ¢y + 0.001505 * ¢y * (200.0 = log(x) — 667.0)) *

(0.301 = log(x) — 1.004)) — 0.301 % ¢y = t *log(x) + 0.1359 = cZ * t2 *

log(x)? — 0.2718 * ¢3 * t2 x log(x)? + 0.09552 * ¢3 = t3 = log(x)? +
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0.1359 = c§ * t2 * log(x)? — 0.01364 = ¢§ = t3 = log(x)3 — 0.09552 * ¢ *

t3 *log(x)? + 0.01364 * c§ = t3 * log(x)® + 0.004307 = cg * t* = log(x)? —
0.00251 * ¢§ = t* xlog(x)® + 0.000342 = ¢§ * t* xlog(x)* + 0.001505 * ¢ *
t * (200.0 * log(x) — 667.0) — 4.456e — 29 * ¢, * t * (4.506e28 * ¢, +
6.755€27 * log(x) + 6.755e27 * cZ * log(x) — 1.546e28 * ¢y * t +
1.546e28 * c2 *t — 1.351e28 * ¢, * log(x) — 2.253e28 * ¢ — 5.879e26 *
cé xt2 + 1.153e28 * ¢y * t xlog(x) — 7.146€26 * c3 * t% * log(x)? +
1.02e26 * c§ = t? = log(x)3 — 2.033e27 * co * t * log(x)? — 1.153e28 x ¢ *
t xlog(x) + 2.033e27 = cé * t xlog(x)? + 1.408e27 = cZ * t? xlog(x) —
2.253e28) + 0.903 * ¢ = t = log(x) — 0.903 = ¢3 * t * log(x) + 0.301 * ¢ *
t xlog(x) — 0.7706 = c2 * t% = log(x) + 1.541 = ¢3 * t? x log(x) — 0.1882 *
cg = t3 xlog(x) — 0.7706 = c§ * t% = log(x) + 0.1882 * c§ = t3 * log(x) +

0.003495 * ¢ * t* * log(x) — 0.00301 * co * t * (200.0 * log(x) — 667.0) +

1.0) (5.17)

where ¢, is called convergence control parameter.

5.6.2 SOLUTION USING HPM
If ¢, = —1, then HAM will be in the form of HPM as proposed by Liao [85].
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5.7 RESULTS AND DISCUSSION

5.7.1 RESULTS

The following tables: 5.1 to 5.3, are prepared with various parameter values for
Crude Oil data of the model Schwartz [111], using ADM and VIM

Table 5.1 represents the absolute errors obtained against exact Crude oil future

prices with k = .301, u = 3.093, o, = .334, 1 = —.242 for various iterations

Absolute Absolute
Exact Absolute Absolute error for error for
X t | solution | error for n=4 | error for n=7 n=10 n=15

195 0 19.5 3.55E-15 3.55E-15 3.55E-15 3.55E-15

20 | 0.2 | 20.39393 2.69E-07 1.71E-12 7.11E-15 7.11E-15

20.5 | 04 | 21.21941 7.53E-06 7.40E-10 4.05E-13 3.55E-15
21 | 0.6 | 21.97683 | 4.85E-05 2.64E-08 3.54E-11 0
215 | 0.8 | 22.6676 | 0.000166741 3.33E-07 8.40E-10 0

22 1 |23.29393 | 0.000390394 | 2.36E-06 9.62E-09 | 4.12E-13

225 | 1.2 | 23.85861 | 0.000672286 1.16E-05 6.91E-08 7.28E-12

23 | 1.4 | 24.36487 | 0.000803582 4.45E-05 3.57E-07 8.08E-11

235 | 1.6 | 24.81623 | 0.000305903 | 0.000140893 | 1.44E-06 6.27E-10

Table 5.2 represents the absolute errors obtained against exact Crude oil future

prices with k = .694, u = 3.037, o, = .326, 1 = —.072 for various iterations

Absolute | Absolute
Exact Absolute Absolute error for | error for

X t solution | error for n=4 | error for n=7 n=10 n=15
13 0 13 5.33E-15 5.33E-15 5.33E-15 | 5.33E-15
135 | 0.2 | 14.40627 8.60E-06 1.14E-09 1.95E-14 | 5.33E-15
14 | 0.4 | 15.65393 | 0.000260708 2.14E-07 1.66E-10 | 3.55E-15
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145 | 0.6 | 16.74017 | 0.001810017 3.45E-06 2.22E-08 | 2.03E-12
15 | 0.8 | 17.67096 | 0.006734248 1.47E-05 6.56E-07 | 2.71E-10
155 | 1 18.45785 | 0.017465934 2.15E-05 8.53E-06 | 1.10E-08
16 | 1.2 | 19.11531 | 0.035265405 | 0.000512081 | 6.56E-05 | 2.11E-07
16.5 | 1.4 | 19.65897 | 0.058047464 | 0.002995401 | 0.000349 | 2.37E-06

Table 5.3 represents the absolute errors obtained against exact Crude oil future

prices with k = .428, u = 2.991, ¢, = .257, 1 =.002 for various iterations

Absolute | Absolute
Exact Absolute Absolute error for | error for

X t solution error for n=4 | error for n=7 n=10 n=15

168 | 0 16.8 0 0 0 0

17 | 0.2 | 17.21419 6.51E-08 2.94E-11 7.11E-15 | 7.11E-15
172 | 0.4 | 17.57762 3.92E-06 7.56E-09 7.43E-13 | 3.55E-15
174 | 0.6 | 17.89473 4.27E-05 1.93E-07 4.22E-11 | 1.07E-14
17.6 | 0.8 | 18.16992 | 0.000230914 1.90E-06 4.86E-10 | 4.26E-14
178 | 1 18.4074 0.00084802 1.11E-05 1.97E-10 | 2.54E-12
18 | 1.2 | 18.61119 | 0.002437919 4.63E-05 4.37E-08 | 6.03E-11
18.2 | 1.4 | 18.78501 | 0.005916944 | 0.000153123 | 4.60E-07 | 8.54E-10
184 | 1.6 | 18.93231 | 0.012683783 | 0.000426273 | 2.92E-06 | 8.36E-09

Table 5.4 represents the absolute errors obtained against exact Copper future
prices with k = .369, u = 4.854, o, = .233, 1 = —.339 using ADM and VIM

for various iterations

Absolute | Absolute | Absolute
Exact Absolute error for | error for | error for | error for

x t solution n=4 n=7 n=10 n=15
110 O 110 4.26E-14 4.26E-14 | 4.26E-14 | 4.26E-14
115 | 0.2 118.7028 2.82E-06 3.92E-11 | 1.42E-14 | 1.42E-14
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120 | 0.4 | 126.7789 8.24E-05 5.28E-09 | 2.29E-12 | 2.84E-14
125 | 0.6 | 134.1946 0.000544 1.39E-08 | 2.47E-10 | 5.68E-14
130 | 0.8 | 140.9388 0.001879 1.00E-06 | 6.34E-09 | 2.84E-14
135 | 1 147.0183 0.004318 1.21E-05 | 7.30E-08 | 3.78E-12
140 | 1.2 | 152.4538 0.006994 7.38E-05 | 4.93E-07 | 5.80E-11
145 | 1.4 | 157.2757 0.006792 0.000312 | 2.21E-06 | 4.76E-10
150 | 1.6 | 161.5214 0.002931 0.001026 | 6.82E-06 | 1.83E-09
155 | 1.8 | 165.2324 0.033572 0.002794 | 1.28E-05 | 4.12E-09
160 | 2 168.4521 0.102224 0.006538 | 1.50E-06 | 1.12E-07

Table 5.5 Percentage errors obtained using the equation (5.16)

(x,t) % errors for n=4 % errors for n=10
Exact solution in ADM in ADM
(.1,.1) 0.1266 0.00021254 2.2142e-12
(.2,.3) 0.31435 0.022777 3.4999%e-7
(.3,.2) 0.38378 0.00081735 2.0814e-9
(.4,.4) 0.56245 0.030975 8.2698e-6
(.5, .6) 0.71101 0.38093 0.00052207

Table 5.6 Absolute errors obtained using the equation (5.16)

absolute error for absolute error for absolute error for

X t n=3 n=10 n=14

01| 01 2.69081E-07 2.80331E-15 8.32667E-17
0.2 | 0.3 7.15988E-05 1.10017E-09 1.10800E-13
03| 0.2 3.13681E-06 7.98800E-12 1.66533E-16
03] 04 6.62866E-05 1.76082E-08 7.87781E-12
04 | 0.2 4.91557E-06 2.40791E-11 1.66533E-16
04 | 05 5.49150E-04 5.25154E-07 3.45767E-10
05| 03 8.85704E-05 2.13180E-09 2.35256E-13
05| 05 1.10803E-03 5.26954E-07 7.82549E-10
06 | 04 4.94478E-04 2.55110E-08 2.37945E-11
06 | 05 1.45846E-03 2.67268E-07 8.02700E-10
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0.7 | 0.1 6.15411E-07 9.99201E-16 1.11022E-16
0.7 | 04 5.46780E-04 1.13326E-08 1.30052E-11
0.7 | 0.5 1.59062E-03 1.50586E-07 4.19500E-10
0.8 | 0.5 1.51617E-03 6.25021E-07 2.37647E-10
0.9 | 0.5 1.25602E-03 1.07257E-06 1.00793E-09
1 0.5 8.34698E-04 1.43103E-06 1.74121E-09

Table 5.7 represents the time elapsed in seconds for finding the approximate

solution of the model with the parameter values used in table 5.1

Method | Elapsed Elapsed Elapsed Elapsed Elapsed time
time in time in time in time in in seconds
seconds for | seconds for | seconds for | seconds for | for n=25
n=4 n=7 n=10 n=15

ADM | 2510444 | 3.988302 5.639090 7.932666 15.154135

VIM 2.217024 3.320347 5.346506 8.144588 83.682647

Table 5.8 represents the time elapsed in seconds for finding the approximate

solution of the model with the parameter values used in table 5.2

Method | Elapsed Elapsed Elapsed Elapsed Elapsed time
time in time in time in time in in seconds
seconds for | seconds for | seconds for | seconds for | for n=25
n=4 n=7 n=10 n=15

ADM | 2.926894 4.439972 6.290687 9.814973 17.037331

VIM 2.363203 4.075299 6.020251 9.834339 122.705986

Table 5.9 represents the time elapsed in seconds for finding the approximate

solution of the model with the parameter values used in table 5.3

Method

Elapsed
time in
seconds for
n=4

Elapsed
time in
seconds for
n=7

Elapsed
time in
seconds for
n=10

Elapsed
time in
seconds for
n=15

Elapsed time
in seconds for
n=25
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ADM 2.973792 3.723436 5.571800 8.676009 11.462024
VIM 2.238381 3.630831 5.255295 8.453601 101.359876

Table 5.10 represents the time elapsed in seconds for finding the approximate

solution of the model with the parameter values used in table 5.4

Method | Elapsed Elapsed Elapsed Elapsed Elapsed time
time in time in time in time in in seconds
seconds for | seconds for | seconds for | seconds for | for n=25
n=4 n=7 n=10 n=15

ADM | 2.636094 3.944166 4.639100 8.956850 13.467820

VIM 2.152425 3.873026 5.489444 8.209186 101.041525

Table 5.11 represents the possible values of convergence control parameter (c,)
obtained from the equation (5.17) with k = .301, u = 3.093, o, = .334,

A1 = —.242 and various values of x, t for n=4
x=20,t=0.2 x =205t=04
3.55343130662573 + 3.09821434862397 +
0.00000000000000i 0.00000000000000i
0.965661690096844 + 0.932423922138502 +
2.58775600526590i 2.16472952191210i
0.965661690096844 - 0.932423922138502 -
2.58775600526590i 2.16472952191210i
-1.62252970806677 + -1.23449602349703 +
0.00000000000000i 0.00000000000000i
x=21,t=0.6 x=2151t=0.8
2.84607730544686 + 2.66785225818887 +
0.00000000000000i 0.00000000000000i
0.899903640850532 + 0.867949060775257 +
1.94284476683101i 1.79323605456733i
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0.899903640850532 - 0.867949060775257 -
1.94284476683101i 1.79323605456733i
-1.04827910361384 + -0.934995377873612 +
0.00000000000000i 0.00000000000000i

x=22t=1 x=225¢t=12
2.52726947197325 + 2.40932608185694 +
0.00000000000000i 0.00000000000000i
0.836448151734802 + 0.805317967947988 +
1.67990640455548i 1.58806654410742i
0.836448151734802 - 0.805317967947988 -
1.67990640455548i 1.58806654410742i
-0.858599023710498 + -0.804264052046744 +
0.00000000000000i 0.00000000000000i
x=23,t=14 x=235t=16
2.30648319575950 + 2.21447419023907 +
0.00000000000000i 0.00000000000000i
0.774497446422827 + 0.743941777852800 +
1.51033085744685i 1.44253247301433i
0.774497446422827 - 0.743941777852800 -
1.51033085744685i 1.44253247301433i
-0.764597548817974 + -0.735463514269374 +
0.00000000000000i 0.00000000000000i

Table 5.12 represents the possible values of ¢, convergence control parameter

obtained for k = .301, u = 3.093, o, = .334, 1 = —.242 using HAM for n=7

x=20,t=0.2 x=205t=04
2.49255111716484 + 2.29930919166078 +
0.803501114442005i 0.759805435262053i
2.49255111716484 - 2.29930919166078 -
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0.803501114442005i 0.759805435262053i
1.34849179913272 + 1.27742444968459 +
1.62879049943596i 1.43238022286521i
1.34849179913272 - 1.27742444968459 -
1.62879049943596i 1.43238022286521i
-0.0930615131831449 + -0.00765631384857506 +
1.32934673374291i 1.18344964557266i
-0.0930615131831449 - -0.00765631384857506 -
1.32934673374291i 1.18344964557266i
-0.730923900666381 + -0.577408845270316 +
0.00000000000000i 0.00000000000000i
x=21,t=0.6 x=2151t=0.8
2.17863569423147 + 2.08706425544540 +
0.743527025865854i 0.736447478910551i
2.17863569423147 - 2.08706425544540 -
0.743527025865854i 0.736447478910551i
1.22491066634659 + 1.18000299031636 +
1.31142376303365i 1.22004133341375i
1.22491066634659 - 1.18000299031636 -
1.31142376303365i 1.22004133341375i
0.0317681747425665 + 0.0540754250400093 +
1.09579309937860i 1.030161838218109i
0.0317681747425665 - 0.0540754250400093 -
1.09579309937860i 1.03016183821819i
-0.499266626030706 + -0.449890178965246 +
0.00000000000000i 0.00000000000000i
x=22,t=1 x =2251t=12
2.01113011264470 + 1.94478672124589 +
0.733535728504165i 0.732773143225451i
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2.01113011264470 - 1.94478672124589 -
0.733535728504165i 0.732773143225451i
1.13937272208555 + 1.10159463953277 +
1.14476788717063i 1.07986920486001i
1.13937272208555 - 1.10159463953277 -
1.14476788717063i 1.07986920486001i
0.0676779008115005 + 0.0761133585352276 +
0.975939150920224i 0.928640325434158i
0.0676779008115005 - 0.0761133585352276 -
0.975939150920224i 0.928640325434158i
-0.415552424375421 + -0.390404808628700 +
0.00000000000000i 0.00000000000000i
x=23t=14 x=235t=16
1.88480460570394 + 1.82929460626767 +
0.733139780873444i 0.734011684458898i
1.88480460570394 - 1.82929460626767 -
0.733139780873444i 0.734011684458898i
1.06594968862019 + 1.03203656955333 +
1.02238887489866i 0.970610672836218i
1.06594968862019 - 1.03203656955333 -
1.02238887489866i 0.970610672836218i
0.0811795515767032 + 0.0839098520854237 +
0.885991546232223i 0.846704165095014i
0.0811795515767032 - 0.0839098520854237 -
0.885991546232223i 0.846704165095014i
-0.371445390971807 + -0.356947749215963 +
0.00000000000000i 0.00000000000000i
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5.7.2 DISCUSSION

This study has undertaken parameters as were available against pre-executed
study by Schwartz [111] for crude oil, say, speed adjustment of spot commodity
prices (k), drift rate (u), volatility of spot price of commodity (o;), market price
of risk (1) and were substituted in the one-factor model, and subsequently, crude

oil future prices were found.

Prior to the obtained prices, on substitution of parameters, the obtained
polynomial (A 1.1.1) and the corresponding coefficients were tested successfully
for convergence, and thus approximate solution was derived. On comparison with
exact solutions derived from analytical solutions of the existing study, the
obtained approximate solution values from both ADM and VIM methods are
found to be precisely matching. The obtained errors (tables 5.1 to 5.3) are found

to be abridged significantly with increased number of iterations.

On the similar lines, existing study as refereed above, commodity prices for
copper were subjected to one-factor model, and this study derived approximate
solutions using ADM and VIM methods (A 1.1.2), and as a matter of successful
application the obtained values are precisely matching with exact solutions, and
the errors (tables 5.4 to 5.7) were significantly abridged with increased number of

iterations.

Further, the study has been investigated to negotiable time lapse between the
ADM and VIM methods, for both crude oil and copper prices, the observed delay
for 10 iterations or n=10, is largely matching with both the methods, but further
increase in the number of iterations, the delay particularly in case of VIM found
to be approximately 6 times. Detailed delay specific tables were shown in tables
5.8105.10.

The study further evaluated for HAM method on the above refereed study, and
thus obtained polynomial in terms of three variables, that are, x, t, and ¢, (5.17).
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When the parameters of the refereed study, x and t were substituted in the above
polynomial, 8-sets of polynomials were derived (A 1.2.1 to A 1.2.8). However,
the study observed that the ¢, value happens to be not consistent among all the
obtained 8-sets of polynomials (table 5.11), an impediment while testing validity
of HAM.

5.8 CONCLUSION

The validation of ADM, VIM, HAM and HPM methods, were undertaken for
deriving approximate solutions of one-factor commodity price model, in the form
of polynomials which in turn will be of immense help while efficaciously
predicting the future commodity prices at any short interval of time more
accurately and with less degree of error. The obtained errors are to be reduced
considerably with increased number of iterations. However, computations through
VIM are of longer duration processing compared to ADM to obtain the
approximate polynomial. Absence of convergence control parameter c, is one of
the important limitations while solving the one-factor commodity price model
using HAM and HPM.
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TWO FACTOR COMMODITY PRICE MODEL AND ITS
SOLUTION

6.1 TWO FACTOR COMMODITY PRICE MODEL

The Two Factor Commaodity Price Model equation is

a? o2 5
fxzuxx + 010201 XUy + 72 Uyy + (1 — y)xu, + [k(a—y) - A]uy —u, =0

(6.1)
with terminal boundary condition u(x,y,0) = x (6.2)
The closed form solution of the above equation (6.1) along with (6.2) is given by
Schwartz [111].

1—ekt

k

u(x,y,t) = xexp [—y + A(t)] (6.3)

where

— (r— (g =) 4 I _o1o2p1),  oF (1-e7?) _j _
A(t)—(r (a k)+2k2 p )t+4 3 +(ak A+ 0,050,

%)) (6.4)

6.2 SOLUTION OF TWO FACTOR COMMODITY PRICE MODEL
USING ADM

According to ADM, approximate solution of the equation (6.1) along with (6.2)

can be written as
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2 2
u=u(x,v,0)+L? [%xzuxx + 010,p1 XUy, + 072 Uyy + (r — y)xuy, +

{k(a —y) — /T}uy] (6.5)

u0=x

Upyq = fOtAn dt forn>1

6.3 SOLUTION OF TWO FACTOR COMMODITY PRICE MODEL
USING VIM

To obtain the approximate solution to equation (6.1) along with (6.2), according

to VIM, it can be written as follows

dun £ 20%u, 9%un 3 0%un
Unp1 = Up(x, Y, t) +f ¢ [ o 07 2 a_:z — 010201X axgy _% a;tz -
dun
(r —y)x —{k(a—y) - /1} < ] (6.6)
dup 0%y, 0%, o? 0y
Suny1 = Sup(x,y,t) + 5f ¢ [ . 02_1 2 a;z — 010201X axl(;y - 072 a;;z -
r— )22 (k(a - )—1}@] dt (6.7)
y dox y dy '
doun
Siny = Sun(x,y,1) +6 f, |52 at (6.8)
Sttpr = Sun(x,y, (L + ¢) — 8 [ ¢'6u, (x, ¥, )dt (6.9)
This yields the stationary conditions
1+¢p=0¢'=0=¢ =—1 (6.10)

Substituting the value of ¢ = —1 into the functional (6.6) give the iteration

formulas
9 n az n 62 n 2 62 n
Up+1 = un(x Y, t) f [ > x2 391:2 — 0102P1% axI;y - 072 6;2 h
dun 77 9Un
(r—y)x 22— {k(a —y) - 1} ﬁ] dt (6.11)
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6.4 CONVERGENCE OF SOLUTION OF TWO FACTOR COMMODITY
PRICE MODEL

6.4.1 Convergence of solution of Two Factor Commodity Price Model using
VIM has been verified as given in the following theorem developed in our
investigation (Pannala & Vipin [102])

Let us consider the functions Fp; = x%uyy (X, y,t), Fop = XUy, (x,¥,t), F23 =
Uyy (X, 1, 8), Fop = uy(x,¥,0), Fo5 = xu, (%, ¥, 1), Fo6 = y uy(x,y,t),
F,; = xy u,(x,y,t) are Lipschitz continuous with

|For(u) — Fpy(u™)| < Lyglu —u|, |[Fop(u) — Fop(u)| < Lyplu —ul,

|Fos(u) — Fpz(u™)| < Lyslu —u™|, [Fou(u) — Fpa(u*)| < Lpy|u —u’|,
|Fos(u) — Fps(u™)| < Laslu — u™|, [Fpe(u) — Foe(u)| < Lpglu —u”|

Theorem 6.1: The solution u,(x,y,t) obtained from (6.11) converges to the
solution of problem (6.1) when 0 < ,; < 1 and 0 < f,, < 1 where
B21 = {lca1llar + |c22|L2z + |ca3llas + [caalLlos + |T|Lys + [K|Lye + Loz},

2 2 ~
Paz ={1—TA —P21)} 21 = 071' Cyp = 010301, C3 = 072, and ¢4 = (ka — 4)
Proof: From (6.11)

. t[oun, o7 5 0%u, %u, 0% 9%uy,
Uniy = Un (3, 6) = Jy [at T2 o T 02PN G5, T oy T

(r —y)xaa%— {k(a: —-y)— Z}%] dt

Oun
Untr = Up — fot [% — 21 F21(un) — c22Fo0(un) — €23F23(Un) — C2aF2a(un) —
Fys (ttn) + kFzg () + Fyr ()| d£ (6.12)
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tfo
Up =U— fo [a_ttl — €21 Fo1 (W) — €22F52 (W) — €23F53(w) — €24F54 () —

1Fys (W) + kFype(w) + F27(u)] dt (6.13)
Let us consider that, e,,.1(x,y,t) = u,+1(x,y,t) —u,(x,y,t), and

en(x,,t) = up(x, 3, 1) —ulx,y,t)

le,(x,y,t*)| = max; |e,(x,y,t)|. Since e, is a decreasing function with respect

to't" from (6.12), (6.13) and mean value theorem we obtained,

t[d(=en)
€ny1 = € + fo [ a: + C21{Fo1(up) — For (W} + c22{Fp0 (upn) — Fpo (W} +

¢23{F23(up) — Fa3(W} + 24{F24(Uy) — Fos (W} + r{Fa5(un) — Fps (W)} —

K (P () — Fo ()} = {Fyr (uy) — Fpy (w)}] it

€n+1 S €p t fot(—en)dt +{lca1|Las + lc22lLo2 + €23l L2s + |c2alLag + |7|Las +
|k|L26 + La7} f0t|en|dt

en+1(%, Y, t) < en(x,y,t) —Ten(x,y, w) +{lca1|Las + lcaz|Laz + c23lL2z +
|c24lLl2q + |7|Las + [k|Lae + Loy} f0t|9n|dt

ent1(,y,t) <ep(x,y,t) —Te,(x,y, w) + {lca1lLyy + ca2|La + lc3]Lp3 +
lc24lLog + |7|Los + |k|Lag + La7} T len(x, y, )|

en+1(x, Y t) < {1 - T(l - 1321)} Ien(xl Y t*)l

where 0 < w < t, hence e, ;1 (x,y,t) < Bzle,(x,y,t*)|, therefore,

llens1ll = maxyeeslensa] < Bar maxyeeslen] < Bazllenll

Since, 0 < B,, < 1, then |le,|| = 0.

67



Chapter-6 Two-Factor Commodity Price Model and its Solution

6.4.2 Convergence of solution of Two Factor Commodity Price Model using
ADM

It was discussed in section 5.4.2
6.5 NUMERICAL EXAMPLES

Example 6.1: Consider o, =0, =p; =A=a =r = 1and k = 2 in the
equation (6.1),

We obtain the following approximants using ADM

uO =X

up = —trxx(y — 1)

_ tZaer(y?-1)

U, >
t3sxxy=(y?+ 3%y — 5)
U3=_
6
theox(y*+ 8xy3— 2xy2— 205y + 7
uy = Lot By 2P 20y +7) (6.14a)

24

Adding all the approximants in (6.14a) we obtain the approximate solution of
(6.1) for n=4, as

t2xxx(y%-1 t3sxxyx(y%+3+xy — 5
u(x,y,t) =x—txxx(y — 1)+ (Zy ) _ y(y6 24 )+
thexx(y*+ 8xy3— 2xy2— 20xy + 7)

24

(6.14b)

Example 6.2: Solved example-6.1 using VIM
We obtain the following approximant using VIM for n=4

u4:

t2x(y%2 -1 t4x(y* + 8xy3 — 2xy2 —20%y + 7 t3xyx(y%2 +3xy -5

((y )—t*(y—1)+ (v y3 —2xy y+7)  tdyx(y y )+
2! 4! 3!

1)*x
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6.6 SOLUTION OF TWO FACTOR COMMODITY PRICE MODEL
USING HAM, AND HPM

6.6.1 Solution using HAM

Using a set of parameter values of Crude oil o; = 0.393,0, = 0.527,p; =
0.766,r = 0.06,k = 1.876,a = 0.106,1 = 0.19, obtained the following
polynomial in x, y, t, cowith the help of MATLAB for n=4

Uy, = x* (0.06xcyxt — 0.1348 * c2 * t% + 0.08491 * ¢  t> — 0.01366 *
co*xt*+ 05xcy*t?x(1.156 xco*y — 0.09344 ¢y + co* (y —

0.06)2) + 1.554 xcZ xt2xy — 0.4294 xc3 xt3 xy — 0.003265 * c§ = t* «
y — 20xcyxtx(y — 0.06) — 1.0xcy*xt*y + 1.5xcé xt? xy? —
1.644 x ¢ *t3 % y2 — 0.5 xc3 *t3 xy3 4+ 0.3326 * ¢§ * t* x y2 + 0.279 =
cog *t*xy3 + 0.04167 * ¢ x t* x y* — 2.368e — 24 x ¢y * t * (7.037e22 *
co xt?xy3 + 231423 x ¢ x t2 * y? + 6.043e22 x c3 xt2xy — 1.195e22 *
co*t? — 4.222e23 xcox t xy2 — 4.374e23 xcyxt xy + 3.793e22 * ¢, *

t + 4.222e23 xy — 2.533e22) + 1.0) (6.15)

where ¢, is called convergence control parameter.
6.6.2 Solution using HPM

If ¢, = —1, then HAM will be in the form of HPM.
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6.7 RESULTS AND DISCUSSION

6.7.1 RESULTS

Risk free interest rate is considered as constant () = 0.06 (Schwartz [111])

The following tables- 6.1 to 6.3 are prepared for the Crude Oil data with various
parameter values (Schwartz [111]) using ADM and VIM

Table 6.1 represents the absolute errors obtained against exact Crude oil future
prices with o; = 0.393,0, = 0.527,p; = 0.766,r = 0.06,k = 1.876,a =
0.106, 1 = 0.198 for various iterations

Absolute | Absolute Absolute
Exact error for | error for error for
X y t solution n=4 n=10 n=15
19.5 0.1 0 195 0 0 0
195 0.25 0 19.5 0 0 0
195 0.4 0 19.5 0 0 0
20 0.1 0.2 19.85612 | 0.000328 | 1.14E-09 3.55E-15
20 0.25 0.2 19.36559 | 0.000164 | 5.41E-10 5.33E-14
20 0.4 0.2 18.88718 | 0.000304 | 3.22E-09 4.26E-14
20.5 0.1 0.4 20.24592 | 0.009513 | 2.10E-06 3.02E-10
20.5 0.25 0.4 19.40926 | 0.004335 | 1.16E-06 3.34E-09
20.5 0.4 0.4 18.60717 | 0.009593 | 6.15E-06 2.42E-09
21 0.1 0.6 20.67204 | 0.066091 | 0.000164 2.31E-07
21 0.25 0.6 19.58507 | 0.027542 | 0.000103 2.07E-06
21 0.4 0.6 18.55525 | 0.071336 | 0.000499 1.41E-06
21.5 0.1 0.8 21.13021 | 0.256856 | 0.003563 2.53E-05
215 0.25 0.8 19.85732 | 0.098432 | 0.002464 | 0.000195013
21.5 0.4 0.8 18.66112 | 0.293227 | 0.011137 | 0.000126105
22 0.1 1 21.61451 | 0.728116 | 0.038288 | 0.000952528
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22 0.25 1 20.19949 | 0.257768 | 0.028684 | 0.006579433
22 0.4 1 18.8771 | 0.871394 | 0.12285 | 0.004057134
22.5 0.1 1.2 22.11942 | 1.693686 | 0.264487 | 0.018316996
22.5 0.25 1.2 20.59228 | 0.556043 | 0.211919 | 0.115977683
22.5 0.4 1.2 19.17057 | 2.110494 | 0.86867 | 0.06853459

Table 6.2 represents the absolute errors obtained against exact Crude oil future
prices with o; = 0.374, 0, = 0.556,p; = 0.882, r = 0.06,k = 1.829,a =
0.184,1 = 0.316 for various iterations

Absolute | Absolute Absolute
Exact error for | error for error for
X y t solution n=4 n=10 n=15
13 0.1 0 13 0 0 0
13 0.25 0 13 0 0 0
13 0.4 0 13 0 0 0
135 0.1 0.2 13.39166 | 0.000244 | 9.70E-10 5.33E-15
135 0.25 0.2 13.05938 | 0.000174 | 1.09E-10 3.02E-14
13.5 0.4 0.2 12.73535 | 8.32E-05 | 1.73E-09 4.62E-14
14 0.1 0.4 13.78654 | 0.007234 | 1.83E-06 3.82E-10
14 0.25 0.4 13.21219 | 0.004876 | 1.08E-07 1.94E-09
14 0.4 0.4 12.66177 | 0.002971 | 3.40E-06 2.87E-09
145 0.1 0.6 14.19261 | 0.051202 | 0.000147 2.05E-07
145 0.25 0.6 13.43791 | 0.032799 | 1.98E-06 1.23E-06
14.5 0.4 0.6 12.72334 | 0.024044 | 0.000283 1.75E-06
15 0.1 0.8 14.61093 | 0.202355 | 0.003267 1.69E-05
15 0.25 0.8 13.71847 | 0.123895 | 8.54E-05 | 0.000118586
15 0.4 0.8 12.88053 | 0.105232 | 0.006457 | 0.000163378
15.5 0.1 1 15.04001 | 0.582443 | 0.035827 | 0.000496635
15.5 0.25 1 14.03945 | 0.342464 | 0.00218 | 0.004082092
15.5 0.4 1 13.10545 | 0.328434 | 0.072593 | 0.005464378
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16 0.1 1.2 15.47763 | 1.373928 | 0.25217 | 0.007632238
16 0.25 1.2 14.38978 | 0.778862 | 0.023071 | 0.073262929
16 0.4 1.2 13.37839 | 0.827704 | 0.522122 | 0.095664048

Table 6.3 represents the absolute errors obtained against exact Crude oil future
prices with o; = 0.358,0, = 0.426,p; = 0.922,r = 0.06,k = 1.488,a =
0.180, 1 = 0.291 for various iterations

Absolute | Absolute Absolute
Exact error for | error for error for
x y t solution n=4 n=10 n=15
16.8 0.1 0 16.8 0 0 0
16.8 0.25 0 16.8 0 0 0
16.8 0.4 0 16.8 0 0 0
17 0.1 0.2 16.87743 | 1.18E-04 | 1.37E-10 0.00E+00
17 0.25 0.2 16.44513 | 5.22E-05 | 7.08E-11 3.55E-15
17 0.4 0.2 16.02391 | 0.00016 | 4.27E-10 0
17.2 0.1 0.4 16.9837 | 0.003455 | 2.56E-07 3.36E-12
17.2 0.25 0.4 16.23286 | 0.001373 | 1.49E-07 1.50E-10
17.2 0.4 0.4 15.51521 | 0.00493 | 8.14E-07 8.54E-11
17.4 0.1 0.6 17.12047 | 0.02413 | 2.02E-05 3.39E-10
17.4 0.25 0.6 16.1311 | 0.008663 | 1.30E-05 9.30E-08
17.4 0.4 0.6 15.19891 | 0.036017 | 6.58E-05 4.88E-08
17.6 0.1 0.8 17.28519 | 0.09407 | 0.000442 1.10E-07
17.6 0.25 0.8 16.11417 | 0.030622 | 0.000308 8.77E-06
17.6 0.4 0.8 15.02248 | 0.145945 | 0.001463 4.27E-06
17.8 0.1 1 17.47394 | 0.267003 | 0.004768 7.84E-06
17.8 0.25 1 16.1621 | 0.07901 | 0.00356 | 0.000295266
17.8 0.4 1 14.94874 | 0.42842 | 0.016068 | 0.000134327
18 0.1 1.2 17.68265 | 0.620951 | 0.033017 | 0.000201974
18 0.25 1.2 16.25958 | 0.167356 | 0.026139 | 0.005191716
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18 0.4 1.2 14.95104 | 1.026313 | 0.113049 | 0.002216134
18.2 0.1 1.4 17.90766 | 1.25998 | 0.16853 | 0.002906543
18.2 0.25 1.4 16.39498 | 0.309708 | 0.140351 | 0.058334256
18.2 0.4 1.4 15.01009 | 2.13805 | 0.585456 | 0.02345857
18.4 0.1 1.6 18.14588 | 2.315582 | 0.68866 | 0.028141152
18.4 0.25 1.6 16.55949 | 0.519543 | 0.599521 | 0.47252837
18.4 0.4 1.6 15.11179 | 4.022954 | 2.424333 | 0.179659438

Table 6.4 represents the absolute errors obtained against exact Copper future
prices with ; = 0.274, 0, = 0.280,p; = 0.818, r = 0.06,k = 1.156, a =

0.248,1 = 0.256 for various iterations

Absolute | Absolute | Absolute
Exact error for | error for | error for
x y t solution n=4 n=10 n=15
110 0.1 0 110 0 0 0
110 0.25 0 110 0 0 0
110 0.4 0 110 0 0 0
115 0.1 0.2 114.1406 | 0.000214 | 4.87E-11 0
115 0.25 0.2 111.124 | 1.82E-05 | 7.82E-11 0
115 0.4 0.2 108.1871 | 0.000786 | 1.83E-10 | 1.42E-14
120 0.1 0.4 118.3468 | 0.006579 | 9.53E-08 | 7.53E-13
120 0.25 0.4 112.7958 | 0.000876 | 1.60E-07 | 1.78E-11
120 0.4 0.4 107.5052 | 0.024573 | 3.58E-07 | 3.16E-11
125 0.1 0.6 122.6398 | 0.048142 | 7.90E-06 | 6.47E-10
125 0.25 0.6 114.9323 | 0.008495 | 1.38E-05 | 1.13E-08
125 0.4 0.6 107.7092 | 0.182648 | 2.96E-05 | 2.07E-08
130 0.1 0.8 127.027 | 0.195938 | 0.00018 | 7.73E-08
130 0.25 0.8 117.4609 | 0.04225 | 0.000326 | 1.10E-06
130 0.4 0.8 108.6151 | 0.754366 | 0.000674 | 2.07E-06
135 0.1 1 131.5079 | 0.578772 | 0.002015 | 3.14E-06
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135 0.25 1 120.3193 | 0.145448 | 0.003785 | 3.81E-05
135 0.4 1 110.0827 | 2.259281 | 0.007565 | 7.33E-05
140 0.1 1.2 136.0776 | 1.396819 | 0.014463 | 6.42E-05
140 0.25 1.2 123.4551 | 0.396649 | 0.027987 | 0.000688
140 0.4 1.2 112.0035 | 5.523943 | 0.054327 | 0.00135

145 0.1 1.4 140.7293 | 2.933822 | 0.076318 | 0.00082

145 0.25 1.4 126.824 | 0.921266 | 0.151758 | 0.007922
145 0.4 1.4 114.2927 | 11.74509 | 0.286925 | 0.015856
150 0.1 1.6 145.4553 | 5.56839 | 0.321667 | 0.00742

150 0.25 1.6 130.389 | 1.903145 | 0.65578 | 0.065729
150 0.4 1.6 116.8832 | 22.55041 | 1.210694 | 0.133812
155 0.1 1.8 150.2482 | 9.784734 | 1.14234 | 0.051578
155 0.25 1.8 134.1192 | 3.596065 | 2.382844 | 0.424455
155 0.4 1.8 119.7215 | 40.05759 | 4.305026 | 0.877632

Table 6.5 Percentage errors obtained using the equation (6.14b)

x5yt

% errors for n=4

% errors for

n=10
Exact solution in ADM in ADM
(.1,.1,.1) 0.10851 0.00022553 3.1435e-11
(.2,.3,.4) 0.244 0.094825 0.0001258
(.3,.2,.5) 0.39039 0.35768 0.001324
(4, 5, .6) 0.48407 0.013347 0.0051027
(.5, 4,.2) 0.55253 0.002357 6.6113e-8

Table 6.6 Percentage errors obtained using the equation (6.14b)

% error for 4 | % error for 10 | % error for 15

x |y | t Exact iterations iterations iterations
0.1]0.1]0.1|0.1085146503 | 2.25525E-04 | 3.14350E-11 | 0.00000E+00
0.1]0.3]0.5|0.1260801838 | 2.56160E-01 | 1.33993E-03 | 8.73688E-06
0.1]0.4]0.3|0.1148314993 | 1.50609E-02 | 5.10891E-06 | 2.26953E-09
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0.110.7]05]0.1111070302 | 2.41625E-01 | 4.45142E-04 | 7.74112E-06
0.2 0.1|0.3]0.2457442266 | 4.25524E-02 | 4.68422E-06 | 2.47756E-09
0.2 0.3]0.4]0.2439977694 | 9.48254E-02 | 1.25804E-04 | 2.69613E-07
0.2 0.6 0.5]0.2293495321 | 1.13887E-01 | 2.15090E-04 | 2.49966E-06
0.2 0.7 0.1 ] 0.2055422474 | 8.62698E-05 | 7.56201E-12 | 0.00000E+00
0.2 0.7]0.2]0.2103489536 | 2.70926E-03 | 1.69320E-08 | 3.80016E-12
0.2 0.7]0.3]0.2146341083 | 2.00488E-02 | 1.54463E-06 | 2.38308E-09
0.210.7]0.4]0.2185521975 | 8.19283E-02 | 3.76901E-05 | 2.27652E-07
0.2 0.7 0.5 0.2222140603 | 2.41625E-01 | 4.45142E-04 | 7.74112E-06
0.3/0.2]0.1]0.3226067264 | 1.87715E-04 | 3.92493E-11 | 0.00000E+00
0.3/0.4]0.2]0.3315189381 | 2.35700E-03 | 6.61128E-08 | 3.90147E-12
0.4]0.6 |0.5]0.4586990642 | 1.13887E-01 | 2.15090E-04 | 2.49966E-06
0.5[0.4]0.3]0.5741574966 | 1.50609E-02 | 5.10891E-06 | 2.26953E-09
0.5[0.5]0.5]0.5917853240 | 1.57035E-02 | 7.65528E-04 | 2.53550E-06
0.605|0.4]0.6927743054 | 9.48283E-03 | 7.37756E-05 | 8.37084E-08
0.7]10.6 0.4 ]0.7862866311 | 3.65460E-02 | 2.31700E-05 | 6.86220E-08
0.7 0.9 0.5]0.7301077059 | 4.59439E-01 | 1.75147E-03 | 1.42179E-05
0.7 1 105]0.7073927568 | 5.29681E-01 | 2.17183E-03 | 1.30498E-05
0.8 0.6 | 0.3]0.8781246341 | 8.32252E-03 | 1.22433E-06 | 6.58036E-10
08| 1 |0.2]0.8007991794 | 6.55754E-03 | 1.08881E-07 | 7.02902E-12
0.9 0.8 0.5]0.9688526359 | 3.59847E-01 | 1.13510E-03 | 1.20606E-05
1 10.3]0.5|1.2608018383 | 2.56160E-01 | 1.33993E-03 | 8.73688E-06

0.7 0.4 | 1.0927609876 | 8.19283E-02 | 3.76901E-05 | 2.27652E-07

1 10.5]1.0105610812 | 5.29681E-01 | 2.17183E-03 | 1.30498E-05

Table 6.7 represents the time elapsed in seconds for finding the solution of Two

Factor model with the parameter values used in table 6.1

Method

Elapsed time

in seconds for

Elapsed time in
seconds for

Elapsed time in
seconds for

Elapsed time in
seconds for n=25

n=4 n=10 n=15
ADM 1.982743 3.852880 6.545958 11.591868
VIM 1.553360 3.900412 6.441140 28.909459

75




Chapter-6 Two-Factor Commodity Price Model and its Solution

Table 6.8 represents the time elapsed in seconds for finding the solution of Two

Factor model with the parameter values used in table 6.2

Method | Elapsed time Elapsed time in | Elapsed time in | Elapsed time in
in seconds for | seconds for seconds for seconds for n=25
n=4 n=10 n=15

ADM | 1.994683 3.685885 6.651909 12.028979

VIM 1.486266 3.328135 6.485965 45.797084

Table 6.9 represents the time elapsed in seconds for finding the solution of Two

Factor model with the parameter values used in table 6.3

Method | Elapsed time Elapsed time in | Elapsed time in | Elapsed time in
in seconds for | seconds for seconds for seconds for n=25
n=4 n=10 n=15

ADM | 2.005927 2.690094 6.817965 11.798120

VIM 1.472098 3.557801 5.842722 43.434506

Table 6.10 represents the time elapsed in seconds for finding the solution of Two

Factor model with the parameter values used in table 6.4

Method | Elapsed time Elapsed time in | Elapsed time in | Elapsed time in
in seconds for | seconds for seconds for seconds for n=25
n=4 n=10 n=15

ADM 2.007766 3.963014 6.477581 11.570737

VIM 1.493533 3.451490 5.960028 45.370510

Table 6.11 represents the possible values of convergence control parameter (c,)
obtained for o, = 0.393,0, = 0.527,p, = 0.766,7 = 0.06,k = 1.876,a =

0.106,1 = 0.198 using HAM for n=4

x =20,y =.10,t = 0.2

x =20.5y=.10,t =04

15.4971763699993 +
0.00000000000000i

7.74858818499964 +
0.00000000000000i
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-9.12228036274570 + -4.56114018137285 +
0.00000000000000i 0.00000000000000i
2.73116035551266 + 1.36558017775633 +
7.96201323605130i 3.98100661802565i
2.73116035551266 - 1.36558017775633 -
7.96201323605130i 3.98100661802565i
x=21,y=.10,t = 0.6 x=215y=.10,t =0.8
5.16572545666643 + 3.87429409249982 +
0.00000000000000i 0.00000000000000i
-3.04076012091523 + -2.28057009068643 +
0.00000000000000i 0.00000000000000i
0.910386785170886 + 0.682790088878165 +
2.65400441201710i 1.99050330901283i
0.910386785170886 - 0.682790088878165 -
2.65400441201710i 1.99050330901283i
x=22,y=.10,t=1 x=225y=.10,t =12
3.09943527399986 + 2.58286272833321 +
0.00000000000000i 0.00000000000000i
-1.82445607254914 + -1.52038006045762 +
0.00000000000000i 0.00000000000000i
0.546232071102532 + 0.455193392585444 +
1.59240264721026i 1.32700220600855i
0.546232071102532 - 0.455193392585444 -
1.59240264721026i 1.32700220600855i
x=23,y=.10,t =14 x=235y=.10,t =1.6
2.21388233857133 + 1.93714704624991 +
0.00000000000000i 0.00000000000000i
-1.30318290896367 + -1.14028504534321 +
0.00000000000000i 0.00000000000000i
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0.390165765073237 + 0.341395044439083 +
1.13743046229304i 0.995251654506413i
0.390165765073237 - 0.341395044439083 -
1.13743046229304i 0.995251654506413i
x=20,y=.15t=0.2 x =205y=.15t=04
330.401423735203 + 165.200711867602 +
0.00000000000000i 0.00000000000000i
14.3787946370860 + 7.18939731854297 +
0.00000000000000i 0.00000000000000i
1.11878151904653 + 0.559390759523271 +
5.18843070902909i 2.59421535451455i
1.11878151904653 - 0.559390759523271 -
5.18843070902909i 2.59421535451455i
x=21,y=.151t=0.6 x =215y=.15t=0.8
110.133807911734 + 82.6003559338006 +
0.00000000000000i 0.00000000000000i
4.79293154569532 + 3.59469865927149 +
0.00000000000000i 0.00000000000000i
0.372927173015514 + 0.279695379761635 +
1.72947690300970i 1.29710767725727i
0.372927173015514 - 0.279695379761635 -
1.72947690300970i 1.29710767725727i
x=22,y=.151¢t=1 x=225y=.15t=12
66.0802847470406 + 55.0669039558673 +
0.00000000000000i 0.00000000000000i
2.87575892741719 + 2.39646577284766 +
0.00000000000000i 0.00000000000000i
0.223756303809308 + 0.186463586507756 +
1.03768614180582i 0.864738451504848i
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0.223756303809308 - 0.186463586507756 -
1.03768614180582i 0.864738451504848i
x=23,y=.15t=14 x =235y=.15t=1.6
47.2002033907433 + 41.3001779669004 +
0.00000000000000i 0.00000000000000i
2.05411351958371 + 1.79734932963574 +
0.00000000000000i 0.00000000000000i
0.159825931292362 + 0.139847689880817 +
0.741204387004156i 0.648553838628637i
0.159825931292362 - 0.139847689880817 -
0.741204387004156i 0.648553838628637i

6.7.2 DISCUSSION

This study has undertaken parameters as were available against pre-executed
study by Schwartz [111] for crude oil and copper, say, speed adjustment of spot
commodity prices (k), volatility of spot price of commodity (o), volatility of
convenience yield (a,), risk free interest rate (r), log run mean price of the
convenience yield (er), market price of risk (1), correlation between spot price and
convenience yield of a commodity (p;) and were substituted in the two-factor

model, and subsequently, crude oil and copper future prices were found.

Prior to the obtained prices, on substitution of parameters, the achieved
polynomial (A 2.1.1) and the corresponding coefficients were tested successfully
for convergence (A 2.3.1 & A 2.3.2), and thus approximate solution was derived.
On comparison with exact solutions derived from analytical solution of the
existing study, the obtained approximate solution values from both ADM and
VIM methods are found to be accurately identical. The obtained errors (tables 6.1

to 6.3) are found to be reduced significantly with increased number of iterations.
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On the similar lines, present study as refereed above, commaodity prices for copper
were subjected to two-factor model, and this study resultant approximate solution
(A 2.1.2) using ADM and VIM methods, and as a matter of successful application
the obtained values are precisely matching with exact solutions, and the errors

(tables 6.4 to 6.6), were significantly reduced with increased number of iterations.

Further, the study has been examined to accessible time lapse between the ADM
and VIM methods, for both crude oil and copper prices. The observed delay for
10 iterations or n=10, is largely similar with both the methods, but further
increase in the number of iterations, the delay mostly in case of VIM found to be
approximately 6 times. Detailed delay specific tables were shown in tables 6.7 to
6.10.

The study further estimated for HAM method on the above refereed study, and
thus obtained polynomial in terms of four variables, that are, x, y, t, and ¢, (6.15).
When the parameters of the refereed study, x,y, and t were substituted in the
above polynomial, 8-sets of polynomials were derived (A 2.2.1 to A 2.2.8).
However, the study observed that the c, value happens to be not constant among
all the obtained 8-sets of polynomials (table 6.11), an impediment while testing
validity of HAM.

6.8 CONCLUSION

The validation of ADM, VIM, HAM and HPM methods, were carry out for
originating approximate solutions of two-factor commodity price model, in the
form of polynomials which in turn will be of enormous help while efficaciously
calculating the future commodity prices at any short interval of time more
accurately and with less degree of error. The obtained errors are to be reduced
significantly with increased number of iterations. However, computations through
VIM are of extensive duration compared to ADM to obtain the approximate

polynomial. Lack of convergence control parameter c, is one of the significant
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limitations while solving the two-factor commodity price model using HAM and
HPM.
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THREE FACTOR COMMODITY PRICE MODEL AND ITS
SOLUTION

7.1 THREE FACTOR COMMODITY PRICE MODEL

The Three Factor Commodity Price Model is

a? o2 o3
fxzuxx + fuyy + fuzz + 010201 XUyy + 0203021y, + 010303X U, +
(z —y)xuy, + k(@ — y)uy, + a(m™ — 2)u, = u, (7.2)

with the terminal boundary condition u(x,y,z,0) = x (7.2)

The closed form solution of the equation (7.1) along with (7.2) found to be

_p—kt _p—at
u(x,y,z,t)=xexp[C(t)—y1 i + 728 ] (7.3)
where
C(t) =

{(1—kt—e‘kt) (ka+0102p1)} _ o2{4(1—e~kt)—(1-e~2kt)—2kt}
k2 4k3
_ {(1—at—e~%) (am*+0103p3)} . o5{4(1-e~)—(1-e2at)—2qar}
a? 4a3
((1—e_kt)+(1—€_at)—(1—€_(k+a)t)) k?(1-e~%)+a?(1-e~%)—ka?t—ak?t
_+0203P2 { ka(k+a) + k?a?(k+a)
(7.4)
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7.2 SOLUTION OF THREE FACTOR COMMODITY PRICE MODEL
USING ADM

According to ADM, approximate solution of the three factor commodity price

model equation can be written as
— ~1 ot 2 o3 af
u=u(xv,20)+L [7x U T Uyy T Usy T 010201 XUy +
020302Uy; + 010303XUy, + (2 — y)xuUy + k(@ — y)uy, + a(m” — z)uz] (7.5)

u0=x
Uppq = fOtAn dt forn>1

7.3 SOLUTION OF THREE FACTOR COMMODITY PRICE MODEL
USING VIM

The approximate solution of the Three Factor model equation, using VIM, can be

written as follows

dun(x,y,zt) o2 50%u 02 9%u a? 9%u
un+1—un(xy.2t)+f¢[n— 29 T e 2
0%uy, 0%uy, _ X 0%uy —(z- )xaﬁ_ k(@ — Jun
0102P1X 52~ 9y — 02030; oy 0z 0103P3X -~ YIx—o y ay
7]
a(m* — z) ”n] dt (7.6)
du 2 0%, o%20%W, of 0%,
OUpyq = OUy(x,y, 2, t)+6f qb[ —=n_2 x Oxzn_76y2n_7azzn_
0%, 0%y, ~ oty
0102P1X 5=~ 61; 020302 =—— 9y0z 01 3,03xa az_( —y)x——k( a_yn—
7]
a(m* — 2) ”"] dt (7.7)
dun
Sttns1 = Sup(x,,2,t) +6 [, ¢[ ]dt (7.8)
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Suns1 = Stn(%,, 2,0 (1 + §) = 8 [ ¢/ 6un(x,y,2,)dt (7.9)

This yields stationary conditions
1+4¢=0¢'=0=>¢p=-1 (7.10)

Substituting the value of ¢ = —1 into the functional (7.6) give the iteration

formulas
Upt1 =

t[oun, of ,0%u, o%0%u, ofd%u, 2%uy,
u,(x,v,z,t) — [——— -2 -3 — 010,P1X —
n(x,y,2,t) fo at 2 ax2 2 dy2 2 9z2 102P1X 35,

2%uy, 0%uy, oup A oun "
020307 3y 9z 0103p3X 5 —~ (z—y)x o k(@ —y) ay a(m

)% dt (7.12)

dz

74 CONVERGENCE OF SOLUTION OF THREE FACTOR
COMMODITY PRICE MODEL

7.4.1 Convergence of solution of Three Factor Commodity Price Model using
VIM has been verified as given in the following theorem developed in our
investigation. (Pannala & et al. [103])

Equation (7.1), can be re-written as

2
Up — C31X " Uyy — C32Uyy — C33Uzz — C34XUyy — C35Uyz — C36XUyz — C37Uy —
C3gUy + C39YUy + C3102U; — (Z — Y)xU, =0 (7.12)

0% 0%

where ¢3; = %f' C32 = 72'033 = 73'034 = 0102p1,C35 = 0203P2,C36 = 010303,
C37 = k@, c33 = am”,c39 =k, c310 = a

Let us consider the functions, Fz; = x%uyy, F3; = uyy, F33 = Uy,

F34 = XUy, F35 = Uy, F36 = XUy, F37 = Uy, F33 = Uy, F39 = yu,y,

F310 = zu,, F311 = (2 — y)xu, are Lipschitz continuous with
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|F3;(w) — F3;(u®)| < Lsjlu —u*| forx,y,z>0,and ] =[0,T] (T € R) (7.13)
where i =1tollandcgy; =1 (7.14)

Theorem 7.1: The solution u,(x,y, z,t) obtained from (7.11) converges to the

solution of problem (7.1) when 0 < 5; < 1 and 0 < 5, < 1 where
P31 = Z}i1|c3j| Ls;and B3, = [1-T( - f31)]

Proof: Consider,

_ t [un, 2 0%uy 0%uy 0%uy
Un+1(%,Y,2,1) = up(x,y,2,t) — fo e 31X G T2 T3 T

0%u, 0%uy, 9%uy, dun dun

ou
—c — C36X —c —c C310Z —= —
axdy 35 09yaz 36" gxaz 37 9y 38 5 te 39y ay "+ Ca1o 9z

34X

(z - y)x 2| dt
Jdun
Ups1 = f [ — Xj=1C3j F3j(up) + c39F39(upn) + c310F310(up) —
F311(un)] dt (7.15)
. t[o
Let us COHSIdeI’ un =Uu- fO I:a_:: - ] 1 C3] F3] (u) + C39F39(u) + C310F310(u) -
Fypa (u)] dt (7.16)

Let en+1(x'y' Z, t) = Upy1 — Uy, en(x,y,z, t) =Uu, —u
le,(x,y,2,t*)| = max, |e,(x,y,zt)|. Since e, is a decreasing function with

respect to ‘t’ then from mean value theorem and (7.15)-(7.16), we obtained,

€n+1 = €p + f [6( £n) + 2] 1C3j {F3j(un) - F3]-(u)} — C30{F39(up) —
F39(u)} — c310{F310(Un) — F310(w) } + {F311(up) — F311(u)}] dt

eny1 S € + fot(_en)dt + [ ]1‘i1|C3j| L3j] fotlenldt

ens1 < €n —Ten(x,7,2,0) + | ,1';1|C3j| L3;] Tlen|
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en+1(x;y; Z, t) < [1 - T{l - .831}]|en(x’3’;2; t*)l Where 0<sw<t
Hence, e, 11 (x,y,2,t) < Bs2le,(x,y, 2, t*)|, therefore,

llens1ll = maxvtejlen+1| < P32 maxvrej|9n| < Bszllenll

Since, 0 < B3, < 1,then|le,|l = 0

7.4.2 Convergence of solution of Three Factor Commodity Price Model using
ADM
It was discussed in section 5.4.2

7.5 NUMERICAL EXAMPLES

Example 7.1: Consider o, = 0, =03 =a=m"=1 = p, = p, = psand
k = A = a = 2 in the equation (7.1),

We obtain the following approximants using ADM for n=3

u0=x

W =—tx*(y - 2)

U, = t2 x (X*(Z*y— 2) _xx(z-1 + x*(y—z)z)

t3sxx(y3 — 3xy2xz + 6xy2 + 3xy*z% — 9xy*z + y — 23 + 3x2% + 25z — 4)
6

Uz = — (7.17a)

Adding all the approximants in (7.17a) we obtain the approximate solution of
(7.1) for n=3, as

xe(2ry 22) _xz-1) | xely - 2)2) _
2

u(x,y,Z,t):x—t*x*(y_Z)_|_t2*( d :

t3xxx(y3 — 3xy%4z + 6+y2 + 3xyxz2 — 9xyxz +y — 23 + 3x2% + 242 — 4) (7.17h)
" .

Example 7.2: Solved the example-7.1 using VIM

We obtain the following approximant for three iterations using VIM
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Uz =

xt?(y? —2yz+2y +z%-z-1)
2!

(x—xt(y - z)+

xt3(y—z+1)(y2—2yz+5y+zz—22—4))
3!

7.6 SOLUTION OF THREE FACTOR COMMODITY PRICE MODEL
USING HAM, AND HPM

7.6.1 Solution using HAM:

Using a set of parameter values of Crude oil o; = 0.344,0, = 0.372,05 =
0081, p; = 0.915,p, = —.0039, p; = —.0293,r = 0.06, k = 1.314,a =
0.249,1 = 0.353,a = .2,m* = 0.07082, obtained the following polynomial in
X,Y,z,t, cy With the help of MATLAB for n=4,

Uy =xx(cd*t*(y — 1.0*x2z) — 02502 % c3 * t2 — 0.0926 = ¢ * > —

0.09381 * ¢§ = t2 — 0.06945 * c5 * t3 — 0.01104 x c5 * t* — 0.5 % ¢y * t2 x
(0.05307 x ¢y — 1.0*co* (y — 1.0x2)? — 1.0 x ¢y * (1.045 xy —
0.02347) + ¢ * (0.2 xz — 0.014)) — 0.1564 * cZ xt? + 5.0*cZ xt*y +
40*c3xtxy + cgxt*y — 5.0xcixtxz — 4.0*c3*t*z — 1.0 xcj *
txz + 2613 xcixt?2xy + 4183 *t>xy + 0.6029 xc3 xt3xy +
1.568 x cg * t?2 *y + 0.4522 xc5 *t3*y + 0.008061 * ¢ xt* xy — 0.5 %
coxtixz — 08xc3xt?xz + 009842 xS xt3xz — 03 xci*xt?*z +
0.07381 % ¢y *xt3*xz + 0.02594 x5 *t**z + 2.0*xco*t*(y — 1.0*z) +
20%coxt*xy — 20xco*t*z + 25xcE xt?> xy2 + 4.0*c3 *t2xy? +
209 x ¢ xt3 xy2 + 1.5xcf *t? xy? + 0.6667 xcj * t3 * y3 + 1.568 = c§ *

t3xy2+ 05xct*t3xy3 4+ 03029 xcd +t* xy2 + 0.2612* cF xt* x y3 +
0 0 y 0 y
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0.04167 # c& # t* % y* + 2.5 % cZ #t2 % 22 + 4.0 % 3 * t2 % 2% + 0.4 % ¢ *
t3% 22+ 1.5%cf *t?2 x 2% — 0.6667 xc3 *t3xz3 + 03 xcf xt3 xz2 — 0.5 *
co * t3 %23 — 0.003969 * c§ * t* * z2 — 0.05* g = t* * z3 + 0.04167 * c§ *
thxzt + 20xcd #t3xyxz2 — 2053 xt3xy2xz + 1.5xcgxt3xyx
z2— 15xcixt3xy2xz + 0.3612*cg *xt* *y xz2 — 0.5725 x ¢ * t* «
y2xz — 01667 xcg xt* xy*z3 — 0.1667 * c§ *t* x y3 x z + 0.25 * ¢§ *
t*xytxz? — 5.0xcixt?xyxz — 8.0*c *tZxyxz — 249 xcd * t3 *
yxz — 3.0xci*t2xyxz — 1.868xcf xt3xy*z — 0.2096 = c§ * t* * y «

z + 1.0) (7.18)
where c, is called convergence control parameter.

7.6.2 Solution using HPM

If ¢, = —1, then HAM will be in the form of HPM.

7.7 RESULTS AND DISCUSSION

7.7.1 RESULTS

The risk-adjusted drift of the process:

0.00812
2 (0.22)

m* = R(w) +-2 = 0.07 + — 0.07082 for Crude Oil (Schwartz, 1997
2 a2

page no: 949)

. of 0.0096%\
m* = R(o0) + 22 = 0.07 + (S (0.22)) = 0.071152 for Copper (Schwartz, 1997

page no: 949)

where R(0) is called infinite maturity discount yield be 7 percent
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The following tables 7.1 to 7.5 have prepared using ADM and VIM

Table 7.1 represents the absolute errors obtained against exact Crude oil future
prices with k = 1.314, @ = 0.249, 0, = 0.344,0, = 0.372,0; = 0.0081,p; =
0.915,p, = —0.0039, p; = —0.0293,1 = 0.353,a = 0.2,m"* = 0.07082 for

various iterations

Absolute Absolute
Exact error for error for Absolute error

x y z t | solution n=4 n=10 for n=15
195| 0.1 {0.03| O 19.5 0 0 0
195(025({0.03| O 19.5 0 0 0
195| 04 [ 0.03| O 19.5 0 0 0
195| 0.1 {0.06| O 19.5 0 0 0
195| 0.1 {0.09| O 19.5 0 0 0
195[025({0.09| O 19.5 0 0 0
195(0.25({0.06| O 19.5 0 0 0
195| 04 | 0.06| O 19.5 0 0 0
195| 04 [ 0.09| O 19.5 0 0 0

20 | 0.1 | 0.03|0.2| 19.7426 | 8.63E-05 5.12E-11 3.55E-15
20 | 0.25|0.03|0.2 | 19.2286 | 2.16E-05 4.60E-11 0

20 | 0.4 | 0.03]|0.2| 18.728 0.00018 1.92E-10 3.55E-15
20 | 0.1 | 0.06|0.2| 19.8591 | 8.28E-05 4,95E-11 7.11E-15
20 | 0.1 | 0.09|0.2| 19.9762 | 7.92E-05 4.77E-11 0

20 | 0.25|0.09|0.2 | 19.4561 | 2.77E-05 3.38E-11 3.55E-15
20 | 0.25|0.06 | 0.2 | 19.342 2.49E-05 3.96E-11 3.55E-15
20 | 0.4 | 0.06 | 0.2 | 18.8384 0.00016 1.80E-10 3.55E-15
20 | 0.4 | 0.09|0.2 | 18.9496 0.00015 1.68E-10 3.55E-15
205| 0.1 | 0.03 |04 | 20.021 0.00257 9.71E-08 7.64E-13
20.5|0.25|0.03 | 0.4 | 19.1082 0.00052 9.47E-08 3.79E-11
205| 0.4 | 0.03 |04 | 18.237 0.00549 3.70E-07 2.42E-12
20.5| 0.1 | 0.06 | 0.4 | 20.2533 0.00247 9.41E-08 2.56E-13
205 0.1 | 0.09 | 0.4 | 20.4882 0.00237 9.09E-08 1.14E-12
20.510.25|0.09 |04 | 19.554 0.00073 7.04E-08 3.27E-11
20.5|0.25|0.06 | 0.4 | 19.3298 0.00063 8.20E-08 3.52E-11
205 0.4 | 0.06 | 0.4 | 18.4485 0.005 3.47E-07 4.75E-12
205 0.4 | 0.09 |04 | 18.6625 0.00454 3.25E-07 6.74E-12
21 | 0.1 |0.03|06| 20.337 0.0183 7.83E-06 8.65E-10
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21 10.25/0.03]0.6 | 19.1094 0.00295 8.17E-06 2.38E-08
21 | 04 1 0.03 0.6 | 17.9559 0.04032 3.03E-05 4.97E-10
21 | 0.1 |0.06 0.6 | 20.6849 0.01761 7.60E-06 1.99E-10
21 |1 01 |0.09]|06 | 21.0388 0.01692 7.36E-06 3.80E-10
21 10.25)|0.09 | 0.6 | 19.7688 0.00452 6.14E-06 2.05E-08
21 10.25)|0.06 | 0.6 | 19.4363 0.00379 7.11E-06 2.21E-08
21 | 04 |0.06 |06 | 18.263 0.03678 2.85E-05 2.04E-09
21 | 04 1 0.09 0.6 | 18.5754 0.03348 2.67E-05 3.35E-09
215] 0.1 | 0.03 | 0.8 | 20.6888 0.07252 0.00017 1.15E-07
215]0.25]0.03 | 0.8 | 19.2082 0.00898 0.00019 2.27E-06
215 04 [ 0.03]|0.8| 17.8336 0.16458 0.00068 3.76E-08
215] 0.1 | 0.06 | 0.8 | 21.1528 0.06991 0.00017 4.93E-08
215] 0.1 | 0.09 0.8 | 21.6272 0.06728 0.00016 8.25E-09
215]10.25]0.09 | 0.8 | 20.0794 0.01567 0.00015 1.97E-06
215]10.25]0.06 | 0.8 | 19.639 0.01254 0.00017 2.12E-06
215| 04 |1 0.06 | 0.8 | 18.2335 0.15028 0.00064 1.16E-07
215] 04 |1 0.09 | 0.8 | 18.6424 0.13695 0.0006 2.48E-07
22 1 01 |]003] 1 | 21.0731 0.20908 0.0019 4.92E-06
22 1025|003 ] 1 | 19.3854 0.0189 0.00222 7.76E-05
22 1 04 1003 1 | 17.8329 0.48705 0.0076 3.84E-06
22 1 01 1006 1 21.654 0.20184 0.00185 2.60E-06
22 1 0.1 1009 | 1 | 22.2508 0.1945 0.0018 5.70E-07
22 10251009 | 1 | 20.4688 0.03935 0.00169 6.72E-05
22 10251006 | 1 | 19.9198 0.02977 0.00194 7.23E-05
22 | 04 1006 | 1 | 18.3244 0.44515 0.00715 1.59E-06
22 | 04 1009 | 1 | 18.8295 0.40608 0.00671 6.26E-06
225] 0.1 | 0.03 |12 | 21.4863 0.49342 0.01335 0.0001

2251025]0.03 | 1.2 | 19.6259 0.02971 0.0163 0.00138
225|104 10.03 |12 | 17.9265 1.17686 0.05412 0.00011
2251 0.1 | 0.06 | 1.2 | 22.1851 0.47691 0.01303 6.09E-05
2251 0.1 | 0.09 | 1.2 | 22.9067 0.46013 0.01268 2.37E-05
2251025]0.09 | 1.2 | 20.9232 0.08047 0.01248 0.0012

2251 0.25]0.06 | 1.2 | 20.2642 0.05665 0.0143 0.00129
225| 04 [ 0.06 | 1.2 | 18.5096 1.0765 0.05092 9.29E-06
225] 04 [ 0.09 |12 | 19.1116 0.98286 0.04784 7.67E-05
23 | 0.1 10.03 |14 21.9249 1.01513 0.06903 0.00134
23 | 04 1003 |14 | 18.0941 2.47352 0.28354 0.00165
23 | 0.1 |0.06 |14 | 22.7429 0.98226 0.0675 0.00084
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23 | 0.1 1 0.09 |14 235915 0.94873 0.06577 0.00041
23 1 025)0.09 |14 | 21.4316 0.14238 0.06751 0.01366
23 10.25]0.06 |14 | 20.6607 0.09108 0.07719 0.01467
23 | 04 1006 |14 | 18.7692 2.26418 0.26688 0.00049
23 | 04 10.09 |14 | 19.4695 2.06877 0.25087 0.00052
235] 0.1 |0.03 |16 | 22.3857 1.89013 0.2856 0.01213
235] 04 [ 0.03 |16 | 18.3201 4.69614 1.18723 0.01657
235] 0.1 [ 0.06 |16 | 23.3244 1.83076 0.27967 0.008

235] 0.1 [ 0.09 |16 | 24.3024 1.77 0.27284 0.00437
235] 04 |10.06 | 1.6 | 19.0884 4.30136 1.11798 0.00681
235] 04 [ 0.09 |16 | 19.8888 3.93266 1.05142 0.00165

Table 7.2 represents the absolute errors obtained against exact Copper future
prices with k = 1.045,a = 0.255,0; = 0.266,0, = 0.249, o5 = 0.0096, p; =
0.805, p, = 0.1243, p; = 0.0964, a = 0.2, m* = 0.071152, 1 = 0.243 for

various iterations

Absolute Absolute Absolute

Exact Error for Error for Error for
X y z Solution n=4 n=10 n=15
110 | 0.1 0.03 110 0 0 0
110 | 0.1 0.06 110 0 0 0
110 | 0.1 0.09 110 0 0 0
110 | 0.25 | 0.03 110 0 0 0
110 | 0.25 | 0.06 110 0 0 0
110 | 0.25 | 0.09 110 0 0 0
110 | 0.4 | 0.03 110 0 0 0
110 | 0.4 | 0.06 110 0 0 0
110 | 0.4 | 0.09 110 0 0 0

115 | 0.1 | 0.03 113.487 0.00014 1.79E-11

(@)

115 | 0.1 | 0.06 114.156 0.00014 1.74E-11 1.42E-14

115 | 0.1 | 0.09 114.83 0.00013 1.68E-11 1.42E-14

115 | 0.25 | 0.03 110.456 6.85E-05 4.27E-11 0

115 | 0.25 | 0.06 111.107 5.08E-05 3.76E-11 1.42E-14

115 | 0.25 | 0.09 111.763 3.53E-05 3.30E-11 1.42E-14

115 | 04 | 0.03 107.506 0.00073 5.80E-11 1.42E-14

ecllelleolleollelleolieolle]

115 | 04 | 0.06 108.14 0.00066 5.74E-11 1.42E-14
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115 | 04 | 0.09 108.778 0.0006 5.63E-11 2.84E-14

120 | 0.1 | 0.03 117.047 0.00442 3.50E-08 5.54E-13

120 | 0.1 | 0.06 118.405 0.00422 3.41E-08 3.41E-13

120 | 0.1 | 0.09 119.778 0.00401 3.30E-08 1.71E-13

120 | 0.25 | 0.03 111.445 0.00235 8.69E-08 4.38E-12

120 | 0.25 | 0.06 112.738 0.00179 7.66E-08 4.14E-12

120 | 0.25 | 0.09 114.046 0.00129 6.73E-08 3.88E-12

120 | 0.4 | 0.03 106.112 0.02287 1.12E-07 1.42E-11

120 | 0.4 | 0.06 107.343 0.02081 1.11E-07 1.25E-11

120 | 04 | 0.09 108.588 0.0189 1.09E-07 1.10E-11

125 | 0.1 | 0.03 120.698 0.03244 2.90E-06 4.11E-10

125 | 0.1 | 0.06 122.762 0.031 2.84E-06 2.72E-10

125 | 0.1 | 0.09 124.862 0.02953 2.75E-06 1.53E-10

125 | 0.25 | 0.03 112.891 0.01887 7.47E-06 2.79E-09

125 | 0.25 | 0.06 114.823 0.01456 6.60E-06 2.64E-09

125 | 0.25 | 0.09 116.787 0.01075 5.81E-06 2.48E-09

125 | 04 | 0.03 105.59 0.16997 9.11E-06 9.27E-09

125 | 04 | 0.06 107.396 0.15473 9.09E-06 8.16E-09

125 | 04 | 0.09 109.233 0.14066 8.99E-06 | 7.15E-09

130 | 0.1 | 0.03 124.446 0.13226 6.60E-05 4.39E-08

130 | 0.1 | 0.06 127.237 0.12664 6.47E-05 2.99E-08

130 | 0.1 | 0.09 130.091 0.12084 6.30E-05 1.80E-08

130 | 0.25 | 0.03 114.726 0.083 0.00018 2.70E-07

130 | 0.25 | 0.06 117.299 0.06484 0.00016 2.56E-07

130 | 0.25 | 0.09 119.93 0.04879 0.00014 2.41E-07

130 | 04 | 0.03 105.766 0.70205 0.0002 9.18E-07

130 | 04 | 0.06 108.138 0.63951 0.0002 8.08E-07

130 | 04 | 0.09 110.563 0.58168 0.0002 7.09E-07

135 | 0.1 | 0.03 128.294 0.39124 0.00074 1.65E-06

135 | 0.1 | 0.06 131.83 0.37527 0.00073 1.15E-06

135 | 0.1 | 0.09 135.464 0.35868 0.00071 7.23E-07

135 | 0.25 | 0.03 116.894 0.26212 0.00203 9.34E-06

135 | 0.25 | 0.06 120.116 0.20684 0.0018 8.87E-06

135 | 0.25 | 0.09 123.427 0.15787 0.00159 8.37E-06

135 | 04 | 0.03 106.507 2.10301 0.00227 3.24E-05

135 | 04 | 0.06 109.442 1.91664 0.00228 2.85E-05

OO0 OO 0O|I0O0O|0O|I0O|0O|I0O|O|0O|I0O0O0OO0O|I0OO0O|OjO|JO|OO|O |O
B e e e e e e e S |5 [0 | |0 | |0 | o |o | |0 | |o | | | | = | | B | = | = | == | == [

135 | 04 | 0.09 112.459 1.74426 0.00227 2.51E-05

140 | 0.1 | 0.03

=
[N}

132.238 0.94543 0.00531 3.19E-05
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140 | 0.1 | 0.06 | 1.2 | 136.539 0.90827 0.00523 2.27E-05

140 | 0.1 | 0.09 | 1.2 140.98 0.86945 0.00512 1.47E-05

140 | 0.25 | 0.03 | 1.2 | 119.346 0.67067 0.01498 0.00017

140 | 0.25 | 0.06 | 1.2 | 123.227 0.53351 0.01328 0.00016

140 | 025 | 0.09 | 1.2 | 127.235 0.41181 0.01173 0.00015

140 | 04 | 0.08 | 1.2 107.71 5.14317 0.01607 0.00059

140 | 04 | 0.06 | 1.2 | 111.213 4.68956 0.01622 0.00052

140 | 04 | 0.09 | 1.2 114.83 4.26977 0.01619 0.00046

145 | 0.1 | 0.03 | 14 | 136.274 1.98788 0.02798 0.00039

145 | 0.1 | 006 | 1.4 | 141.359 1.91255 0.02765 0.00028

145 | 0.1 | 0.09 | 14 | 146.633 1.83338 0.02709 0.00019

145 | 025 | 0.08 | 1.4 | 122.042 1.48316 0.0811 0.00194

145 | 0.25 | 0.06 | 1.4 | 126.595 1.18775 0.07197 0.00184

145 | 025 | 0.09 | 14 | 131.319 0.92525 0.06364 0.00174

145 | 04 | 0.03 | 1.4 | 109.296 10.9387 0.08389 0.00695

145 | 04 | 0.06 | 1.4 | 113.374 9.97806 0.08497 0.00613

145 | 04 | 0.09 | 14 | 117.604 9.08862 0.08502 0.00539

150 | 0.1 | 0.03 | 1.6 | 140.397 3.77644 0.11781 0.00342

150 | 0.1 | 0.06 | 1.6 | 146.284 3.63823 0.11671 0.00249

150 | 0.1 | 0.09 | 1.6 | 152.418 3.49215 0.11457 0.0017

150 | 0.25 | 0.03 | 1.6 | 124.948 2.94714 0.34994 0.01604

150 | 0.25 | 0.06 | 1.6 | 130.188 2.37349 0.31082 0.01528

150 | 0.25 | 0.09 | 1.6 | 135.647 1.86307 0.27508 0.01448

150 | 04 | 003 | 1.6 | 111.199 21.0087 0.34996 0.05842

150 | 04 | 0.06 | 1.6 | 115.862 19.1708 0.35565 0.05158

150 | 04 | 0.09 | 1.6 | 120.721 17.4684 0.3568 0.04542

155 | 0.1 | 0.03 | 1.8 | 144.601 6.641 0.41788 0.02317

155 | 0.1 | 0.06 | 1.8 | 151.309 6.40592 0.41491 0.01706

155 | 0.1 | 0.09 | 1.8 | 158.329 6.15607 0.40807 0.0118

155 | 0.25 | 0.08 | 1.8 | 128.037 5.3961 1.27002 0.10343

155 | 0.25 | 0.06 | 1.8 | 133.977 4.36676 1.12887 0.09864

155 | 0.25 | 0.09 | 1.8 | 140.192 3.44977 0.99987 0.09356

155 | 04 | 0.03 | 1.8 113.37 37.3307 1.23082 0.38203

155 | 04 | 0.06 | 1.8 | 118.629 34.0763 1.25481 0.33751

155 | 04 | 0.09 | 1.8 | 124.133 31.0608 1.26214 0.29733

160 | 0.1 | 0.08 | 2 148.881 10.9906 1.2952 0.12809

160 | 0.1 | 0.06 | 2 156.428 10.6137 1.28869 0.09511

160 | 0.1 | 0.09 2 164.359 10.211 1.2697 0.06669
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160 | 0.25 | 0.08 | 2 131.284 9.26208 4.02127 0.54735
160 | 0.25 | 0.06 | 2 137.939 7.52659 3.57677 0.52252
160 | 0.25 | 0.09 | 2 144.932 5.97884 3.1703 0.49611
160 | 04 | 003 | 2 115.766 62.3955 3.78456 2.04843
160 | 04 | 0.06 | 2 121.635 56.9734 3.87014 1.81069
160 | 04 | 0.09 | 2 127.801 51.9475 3.90233 1.59596

Table 7.3 Percentage errors obtained using the equation (7.17b)

(x,y,2z,t) % errors for n=3 % errors for n=10
Exact Solution in ADM in ADM
(1,.1,.1,.1) 0.099609 0.0029328 4.1017e-11
(2,.3,.4,.5) 0.20001 1.2862 0.0007352
(.3,.2,.3,.4) 0.29929 0.56596 0.00010083
(4,5, .2, .3) 0.36525 0.27658 2.8212e-6
(4,.4,5 7) 0.40429 4.36 0.014367

Table 7.4 Percentage errors obtained using the equation (7.17b)

% error
Exact | % error for for % error for
X y z t | solution n=3 n=5 n=7
0.1 0.1 0.1 0.2 |0.09866 | 0.04773 0.00137 2.01E-05
0.1 0.1 0.5 0.1 |0.10348 | 4.10E-05 | 2.01E-05 0.000
0.1 0.2 0.3 0.3 |0.10028 | 0.17804 0.01234 0.0004
0.1 0.2 06 | 04 |[0.11012 | 0.12036 0.06420 0.00015
0.1 0.3 03 | 04 |0.09706 | 0.6741 0.04318 0.00476
0.1 0.3 0.6 0.2 | 0.1046 0.01422 0.00098 0.000
0.1 0.5 0.2 | 0.1 [0.09699 | 0.00360 0.000 0.000
0.1 0.5 03 | 04 |0.09187 | 0.76673 0.00603 0.00402
0.1 0.8 0.1 0.3 |0.08316 | 0.09682 0.01642 0.00065
0.2 0.1 0.6 0.3 | 0.2218 0.02213 0.01313 0.00024
0.2 0.2 05 | 04 | 02132 | 0.26099 0.06712 0.00105
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0.2 0.3 0.3 0.3 |0.19608 | 0.21557 0.00831 0.00044

0.2 0.5 03 | 0.1 |0.19584 | 0.00327 0.000 0.000

0.2 0.5 0.6 0.4 | 0.2025 0.45443 0.02485 0.00267

0.2 0.7 0.2 04 |0.16821| 0.62777 0.06713 0.00117

0.4 0.2 05 | 04 |0.42628 | 0.26099 0.06712 0.00106

0.5 0.2 06 | 04 |055071| 0.12023 0.06432 0.00011

0.5 0.4 0.3 0.2 048681 | 0.04821 0.00031 2.10E-05

0.6 0.2 0.1 | 0.3 |057130| 0.28239 0.0095 0.00079

0.7 0.5 03 | 0.2 | 0.6707 0.0506 4.01E-05 | 2.01E-05

0.7 0.8 0.3 0.2 10.63789 | 0.03188 0.00101 1.00E-05

0.8 0.3 0.5 | 04 |0.82940 | 0.39079 0.0533 0.00249

1 0.2 03 | 04 | 0.9977 0.56581 0.0649 0.00391

1 0.8 0.6 0.4 |0.93371| 0.47388 0.0279 0.00021

Table 7.5 represents the time elapsed in seconds for finding the solution of Three

Factor model with the parameter values used in table 7.1

Method | Elapsed time | Elapsed time | Elapsed time | Elapsed time in

in seconds for | in seconds for | in seconds for | seconds for n=25

n=4 n=10 n=15
ADM 2.220892 6.308238 35.613235 1373.568140
VIM 1.853144 6.246374 79.699470 > 1.5 hour

Table 7.6 represents the possible values of ¢, (convergence control parameter)
obtained from (7.18) with k = 1.314, @ = 0.249,0; = 0.344,0, = 0.372,05 =
0.0081, p; = 0.915,p, = —0.0039, p; = —0.0293,1 = 0.353,a = 0.2, m* =

0.07082 and for various values of x, y, z, t

x=195y=.10,z=.03,t =0 x=20,y=.10,z=.03,t =0.2
-2.91051662177178 + -2.55436347895358 +
1.95202089283503i 1.57412780682948i
-2.91051662177178 - -2.55436347895358 -
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1.95202089283503i 1.57412780682948i
1.00932725604556 + 0.668084284726043 +
1.95216454138055i 1.57710895107762i
1.00932725604556 - 0.668084284726043 -
1.95216454138055i 1.57710895107762i
x =205y=.10,z=.03,t =04 x=21,y=.10,z=.03,t = 0.6
-2.43637862726395 + -2.46828086849421 +
1.35947648510095i 1.16600585160155i
-2.43637862726395 - -2.46828086849421 -
1.35947648510095i 1.16600585160155i
0.489740515113065 + 0.368928028285936 +
1.37797646087807i 1.24369098793811i
0.489740515113065 - 0.368928028285936 -
1.37797646087807i 1.24369098793811i
x =21.5,y=.10,z=.03,t = 0.8 x=22,y=.10,z=.03,t=1
-2.67653908927327 + -4.17872063860209 +
0.831812460292432i 0.00000000000000i
-2.67653908927327 - -2.23894244189587 +
0.831812460292432i 0.00000000000000i
0.276628511433550 + 0.201913389250992 +
1.14093283674904i 1.05508107653545i
0.276628511433550 - 0.201913389250992 -
1.14093283674904i 1.05508107653545i
x =225y=.10,z=.03,t =1.2 x=23,y=.10,z=.03,t =14
-7.49729674362432 + -24.1328970110900 +
0.00000000000000i 0.00000000000000i
-1.83212518344587 + -1.60463896150629 +
0.00000000000000i 0.00000000000000i
0.140434984267648 + 0.0904128074792712 +

96




Chapter-7 Three-Factor Commodity Price Model and its Solution
0.978903652225325i 0.909145295348406i
0.140434984267648 - 0.0904128074792712 -
0.978903652225325i 0.909145295348406i

x=19.5y=.152z=.03,t=0 x=20,y=.152z=.03,t=0.2
-2.29142051514755 + -1.90560663718182 +
1.39532452709706i 1.07558448480444i
-2.29142051514755 - -1.90560663718182 -
1.39532452709706i 1.07558448480444i
0.507783051146976 + 0.272867192244906 +
1.39514959724646i 1.07461420997982i
0.507783051146976 - 0.272867192244906 -
1.39514959724646i 1.07461420997982i

x =20.5y=.152z=.03,t=04

x=21,y=.152z=.03,t =0.6

-1.68343482136240 +

-1.52980794146682 +

0.899634757899800i 0.780424918810946i
-1.68343482136240 - -1.52980794146682 -
0.899634757899800i 0.780424918810946i
0.164943493874010 + 0.102470615178616 +
0.897537416427583i 0.777329967168531i
0.164943493874010 - 0.102470615178616 -
0.897537416427583i 0.777329967168531i
x =215y=.152z=.03,t=0.8 x=22,y=.152z=.03,t=1
-1.41427308295932 + -1.32289335302662 +
0.691582922620829i 0.621482560022472i
-1.41427308295932 - -1.32289335302662 -
0.691582922620829i 0.621482560022472i
0.0623280119330451 + 0.0349514499635184 +
0.687939520704833i 0.617910290217611i
0.0623280119330451 - 0.0349514499635184 -

97




Chapter-7 Three-Factor Commodity Price Model and its Solution

0.687939520704833i 0.617910290217611i
x =225y=.152z=.03,t=1.2 x=23,y=.152z=.03,t =14
-1.24808424893323 + -1.18526285090381 +
0.563965800518490i 0.515390644769821i
-1.24808424893323 - -1.18526285090381 -
0.563965800518490i 0.515390644769821i
0.0155583958843659 + 0.00146276615930262 +
0.561150355052783i 0.514020243887365i
0.0155583958843659 - 0.00146276615930262 -
0.561150355052783i 0.514020243887365i
x=19.5y=.15z=.06t=0 x =20,y=.15,z=.06,t = 0.2
-2.33130227313091 + -1.93307813427265 +
1.44015191429721i 1.10733259291355i
-2.33130227313091 - -1.93307813427265 -
1.44015191429721i 1.10733259291355i
0.559516980513505 + 0.313851258254845 +
1.43988618489090i 1.10588324365860i
0.559516980513505 - 0.313851258254845 -
1.43988618489090i 1.10588324365860i
x = 20.5y=.15z=.06,t =04 x=21,y=.152z=.06t=0.6
-1.70654972266153 + -1.55133740615974 +
0.925132390767941i 0.802313482177420i
-1.70654972266153 - -1.55133740615974 -
0.925132390767941i 0.802313482177420i
0.200173872827161 + 0.133786969805682 +
0.921981848914586i 0.797541708814776i
0.200173872827161 - 0.133786969805682 -
0.921981848914586i 0.797541708814776i
x=215y=.152z=.06,t =0.8

x=22,y=.152z=.06t=1
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-1.43537554457298 + -1.34409457281070 +
0.711162753497807i 0.639466584996773i
-1.43537554457298 - -1.34409457281070 -
0.711162753497807i 0.639466584996773i
0.0906895242352878 + 0.0609521024802013 +
0.705247803187147i 0.633095649154331i
0.0906895242352878 - 0.0609521024802013 -
0.705247803187147i 0.633095649154331i
x =225y=.152z=.06t=1.2 x=23,y=.152z=.06t =14
-1.26962878989814 + -1.20726040974519 +
0.580768389451764i 0.531260159418163i
-1.26962878989814 - -1.20726040974519 -
0.580768389451764i 0.531260159418163i
0.0396052627992929 + 0.0238536655695816 +
0.574711820712472i 0.526296617605541i
0.0396052627992929 - 0.0238536655695816 -
0.574711820712472i 0.526296617605541i

7.7.2 DISCUSSION

This study has undertaken parameters as were available against pre-executed
study by Schwartz [111] for crude oil and copper, say, speed adjustment of spot
commodity prices (k), volatility of spot price of commodity (o), volatility of
convenience yield (o,), volatility of risk free interest (o3), log run mean price of
the convenience yield (), market price of risk (1), correlation between spot price
and convenience yield of a commodity (p;), correlation between convenience
yield and risk free interest rate (p,), correlation between risk free interest rate and

spot price of commodity (p3), speed adjustment of interest rate (a), risk adjusted
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mean short rate of interest rate (m*) and were substituted in the three-factor

model, and subsequently, crude oil and copper future prices were found.

Previous to the obtained prices, on substitution of parameters, the achieved
polynomial (A 3.1.1) and the corresponding coefficients were tested successfully
for convergence (A 3.3.1 & A 3.3.2), and thus approximate solution was derived.
On comparison with exact solutions derived from analytical solution of the
existing study, the obtained approximate solution values from both ADM and
VIM methods are found to be exactly same. The attained errors (table 7.1) are

found to be reduced considerably with increased number of iterations.

On the similar lines, present study as refereed above, commaodity prices for copper
were subjected to three-factor model, and this study resultant approximate
solution (A 3.1.2) using ADM and VIM methods, and as a matter of successful
application the achieved values are precisely matching with exact solutions, and
the errors (tables 7.2 to 7.4), were significantly reduced with increased number of

iterations.

Further, the study has been inspected to accessible time gap between the ADM
and VIM methods, for both crude oil and copper prices. The observed delay for
10 iterations or n=10, is mostly similar with both the methods, but further increase
in the number of iterations, the delay mostly in case of VIM found to be about 6

times. Detailed delay specific tables were shown in tables 7.5.

The study further estimated for HAM method on the above refereed study, and
thus obtained polynomial in terms of five variables, that are, x,y,zt, and
Co (7.18). When the parameters of the refereed study, x,y,z and t were
substituted in the above polynomial, 8-sets of polynomials were derived (A 3.2.1
to A 3.2.8). However, the study observed that the c, value happens to be not
common among all the obtained 8-sets of polynomials (table 7.6), an impediment
while testing validity of HAM.
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7.8 CONCLUSION

The validation of ADM, VIM, HAM and HPM methods, were undertaken for
deriving approximate solutions of three-factor commodity price model, in the
form of polynomials which in turn will be of immense help while efficaciously
predicting the future commodity prices at any short interval of time more
accurately and with less degree of error. The obtained errors are to be reduced
considerably with increased number of iterations. However, computations through
VIM are of longer duration processing compared to ADM to obtain the
approximate polynomial. Absence of convergence control parameter c, is one of
the important limitations while solving the three-factor commodity price model
using HPM and HAM.

101



CHAPTER 8

CONCLUSIONS

The study is a part of cross validation using ADM, VIM and HAM methods onto
the existing linear PDE models, selected from commodity market and validation
of analytical methods including, FIM, Tanh-Coth, and Sine-Cosine methods on

the non-linear PDE model selected from securities market.

The validation methods, largely non-discretization methods were undertaken for
deriving approximate solutions of one-factor, two-factor and three-factor
commodity price models, in the form of polynomials which in turn will be of
immense help while efficaciously predicting the future commodity prices at any
short interval of time (which happens to be a serious drawback with discretization
method), more accurately and with less degree of error. However, time consumed

during validation process varies with respect to the methods undertaken.

For examining non-linear Black-Scholes model, selected from securities market,
analytical methods that include, FIM, Tanh-Coth, and Sine-Cosine methods were
utilized for validation purpose of the available literature. The said methods could
not be as successful when compared to non-discretization methods largely due to

non-availability of first integral polynomials, M and .
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CHAPTER 9

FUTURE SCOPE OF RESEARCH

Future research is possible with the collection of larger group of Black-Scholes
equations, segregated based upon commaodity and security future prices and their
meticulous examination for inherent parameter variations. Extension of the study
onto weather-based commodity and security price fluctuations, political, military,
economic or policy-based forecasts should be of immense utility while

safeguarding interests of the trading business houses and retail investors.

Validation of PDE models may also be subjected against Indian commodities, like
Potato, Jaggery and in understanding fluctuations of INR against foreign

currencies.

Greater scrutiny of PDE models will extend opportunities for Indian researchers
to promote relevance and importance of PDE as it has been popular and

successful in international research.
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APPENDIX

A-1 ONE FACTOR COMMODITY PRICE MODEL
A 1.1 The following solutions obtained using ADM and VIM

A 1.1.1 considering a set of parameter values k =.301, u = 3.093, o, =.334,

A =—.242,n = 4 for crude oil

uy = ((90601 * t"4 * (2871260300781945300125070177756774400000000 *
log(x)"4 — 21075050607739478502918015104734724096000000 *

log(x)"3 + 36153463107364482056197550534155294474240000 *

log(x)"2 + 29344487066737098958606707606028252767846400 = log(x) —
76856729228980000802981622458652034223332661))/
760590360136937640898021923225600000000000000000000 — (90601 *
t"3 % (338895871959629824000000 * log(x)"3 —
2373965583077206917120000 * log(x)"2 + 4677016557554414831600200 *

log(x) —
1953008122467845818656739))/6755399441055744000000000000000 —
(301 % t (200 * log (x) — 667))/200000 — (241957554510902209 *
£72)/28823037615171174400 + (t*2 * ((301 = log(x))/1000 — 140567/
200000) * (301 * log(x))/1000 — 200767/200000))/2 + 1) * x

A 1.1.2 considering a set of parameter values k =.369, u = 4.854, o, =.233,
A =—.339,n = 4 for copper

u 4=

((136161 * t"4 *
(898982153008728872589544818475008000000000000 * log(x)"4 —
13279764364244942905892756058512818176000000000 * log(x)"3 +
67323083366993644813178758902524204285952000000 * log(x)"2 —
128729952555755501799313550680205948904013824000 * log(x) +
58469384254466041246344926337102731114697778633))/
158456325028528675187087900672000000000000000000000000 —
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(369 * t x (1000 * log(x) — 5193))/1000000 — (136161 * t"3 *
(17310711067705344000000000 * log(x)"3 —
217751434520665522176000000 * log(x)"2 +
874590094057078645312093000 * log(x) —
1097617426370281288399420733))/
281474976710656000000000000000000 — (144350391268555083 *
t"2)/28823037615171174400 + (t"2 * ((369 * log(x))/1000 —
1547217/1000000) * ((369 * log(x))/1000 — 1916217/1000000))/2 +
1) *x

A 1.2 The following eight sets of polynomials in terms of convergence control
parameter ¢, are obtained by considering a set of parameter values k =.301,
1 =3.093, 6, =.334, A = —.242 using HAM for n=4

A 1.2.1 polynomial for x = 20and t = 0.2

HP1 =

(17255753471483671947 = ¢_0)/14073748835532800000 +
(7949769648372197 * c_0 * ((50434491716933037122391901191043 *
c_072)/20480 — (24344677104302768505418277732913 x c_0)/5120 +
2293828492142789499868413952))/
44601490397061246283071436545296723011960832 —
(1209918764049218924075666434499924746262408117345227 x c_0"2)/
713623846352979940529142984724747568191373312000000 +
(463451018901000846449 * c_073)/351843720888320000000 —
(14409944409241286883080647805171466243 *
c_0"4)/31691265005705735037417580134400000000 + 20

A 1.2.2 polynomial for x = 20.5and t = 0.4

HP2 = (328010655905480985739 * ¢_0)/140737488355328000000 +
(325940555583260077 * c_0 * ((31506404606631097702732212668123 *
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c_072)/12800 — (5864272654220571355164811172767 * c_0)/1280 +
2127029894094829401281658880))/
892029807941224925661428730905934460239216640 —
(23898791777210875784938664742392679129330525877556877 *
c_072)/7136238463529799405291429847247475681913733120000000 +
(9492347251804004612811 * ¢_073)/3518437208883200000000 —
(305753620340902757652238467152643295301 *
c_0"4)/316912650057057350374175801344000000000 + 41/2

A 1.2.3 polynomial forx =21andt = 0.6

HP3 = (930858748287028592661 * c_0)/281474976710656000000 +
(500835487847448411 * c_0 *
((125978681980784106079717552122037 * ¢_072) /51200 —
(4513832271733020134637767918449 * ¢_0)/1024 +
1964250933178275864848105472))/
892029807941224925661428730905934460239216640 —
(70663846522230061033235232162653923369791389629684563 *
c_0"2)/
14272476927059598810582859694494951363827466240000000 +
(29147406029657452499697 * ¢_073)/7036874417766400000000 —
(3892565041999662931575817230058456872423 *
c_0"4)/2535301200456458802993406410752000000000 + 21

A 1.2.4 polynomial forx =21.5andt = 0.8

HP4 = (116782645824684739033 * ¢_0)/28147497671065600000 +
(341840094880004471 * c_0 * ((62952490737423324568292408591563 *
c_072)/25600 — (2167349847505238379019981485049 * ¢_0)/512 +
1805302423172414700141936640))/
446014903970612462830714365452967230119608320 —
(5789480228619938405017249920056262488614976167192453 x c_0"2)/
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892029807941224925661428730905934460239216640000000 +
(3974482611567798141359 * ¢_073)/703687441776640000000 —
(8602651005506593456462684264869158781 *
c_074)/3961408125713216879677197516800000000 + 43/2

A 1.2.5 polynomial forx =22 and t = 1.0

HPS =

(3412947861887104013 * ¢_0)/703687441776640000 +
(87447466132094167 * ¢_0 * ((2515264427002163094694756772669
c_072)/1024 — (2076338745151716942347906437539 * c_0)/512 +
1650008227564573845849374720))/
89202980794122492566142873090593446023921664 —
(2270078742124373595023837046910576748980788666884377 * c_0"2)/
285449538541191976211657193889899027276549324800000 +
(2030002872999301519 * ¢_0"3)/281474976710656000 —
(2919537833605077055119271286870029781 *
c_074)/1014120480182583521197362564300800000 + 22

A 1.2.6 polynomial for x = 22.5and t = 1.2

HP6 =

(7606119905455729041 * c¢_0)/1407374883553280000 +
(214643780506049319 * c_0 * ((62755533024443342540538991830737 *
c_072)/25600 — (4958180204745814297825170411281 * c_0)/1280 +
1498204086283919707577778176))/
178405961588244985132285746181186892047843328 —
(26610367162698463682431293953920244898843400193713689 *
c_072)/2854495385411919762116571938898990272765493248000000 +

(97062072996430355391 * ¢_073)/10995116277760000000 —
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(4642598549630620761023404262910264327 *

c_0"4)/1267650600228229401496703205376000000 + 45/2

A 1.2.7 polynomial forx =23 andt = 1.4

HP7 = (102144856827352810037 * ¢_0)/17592186044416000000 +
(1279912913387923717 * ¢_0 * ((10008400185784607317637403499263 *
c_072)/4096 — (9437968562651413973770706967229 * ¢_0)/2560 +
1349736571398595196674375680))/
892029807941224925661428730905934460239216640 —
(37753773178489124452278312265684175523744176474638911 *
c_072)/3568119231764899702645714923623737840956866560000000 +
(18447934068887906687251  ¢_0"3)/1759218604441600000000 —
(2869321111832336266503014910249516258013 *
c_0"4)/633825300114114700748351602688000000000 + 23

A 1.2.8 polynomial forx =23.5andt =1.6

HP8 = (212857995596236379489 * ¢_0)/35184372088832000000 +
(373639173473493259 * c_0 * ((31125059567607758999369445673147 *
c_072)/12800 — (4471991760361199841416183599971 % ¢_0)/1280 +
1204462155130987606270017536))/
223007451985306231415357182726483615059804160 —
(20887753715997834547779708068370847935326134077170151 *
c_072)/1784059615882449851322857461811868920478433280000000 +
(10710398697268533901507 * ¢_073)/879609302220800000000 —
(678050992915014814126919989730437637 *

c_0"4)/123794003928538027489912422400000000 + 47/2
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A 1.3 Convergence values 7, from the section 5.4.2

A 1.3.1 considering a set of parameter values k =.301, u = 3.093, 0, =.334, 1 =
—.242,x=19.5:0.5:23.5,t=0:0.2:1.6,n = 4,7 & 10 for crude oil

n=4

n=7

n=10

0.41221

0.41221

0.41221

0.174077

0.174077

0.174077

0.146277

0.146277

0.146277

0.291929

0.291929

0.130748

0.130748

0.261371

0.261371

0.13979

0.21451

0.156742

A 1.3.2 considering a set of parameter values k =.694, u = 3.037, 6, =.326, 1 =
—.072,x=13:0.5:18,t=0:0.2:1.6,n = 4,7 & 10 for crude oil

n=4

n=7

n=10

0.890364

0.890364

0.890364

0.36839

0.36839

0.36839

0.369359

0.369359

0.369359

0.604354

0.604354

0.312121

0.312121

0.556886

0.556886

0.331587

0.453809

0.373594
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A-2 TWO FACTOR COMMODITY PRICE MODEL
A 2.1 The following solutions obtained using ADM and VIM

A 2.1.1 considering a set of parameter values 6; = 0.393,0, = 0.527,p, =
0.766,r = 0.06,k = 1.876,a = 0.106,1 = 0.198,n = 4 for crude oil

u, = ((t"4 = (19807040628566084398385987584000000000000 * y 4 +
218194359564283985732620039225344000000000 * y3 +
442677332595995590920580243426115584000000 * y*2 +
35831058250162499874214044551205617664000 x y —
37891839082393730950168613678411017844997))/
475368975085586025561263702016000000000000 — (t*3 *
(17592186044416000000000 * y*3 + 95842229569978368000000
Y72 + 47744962853935933844875 xy — 9648647866149896704441))/
105553116266496000000000 + (¢"2 * (140737488355328000000 *
Y72 + 247135029551955968000 xy — 21941400306235401843))/
281474976710656000000 — t = (y — 3/50) + 1) *x

A 2.1.2 considering a set of parameter values o, = 0.274,0, = 0.280,p; =

0.818, r = 0.06,k = 1.156, a = 0.248,1 = 0.256,n = 4 for copper

u, = ((t"4 * (316912650057057350374175801344000000000000

yM + 2122047104782056018105481165799424000000000 * y3 +
2529901718783822672560207979270373376000000 * yA2 —
24831370740209232874393354404559323136000 * y —
103894508424177627599073489770776504822429))/
7605903601369376408980219232256000000000000 — ("3 *
(70368744177664000000000 * y*3 + 231372430856159232000000 x
Y72 + 60427126813237108953625 xy —
11949899169564909344282))/422212465065984000000000 — ¢ * (y —
3/50) + (t"2 * (562949953421312000000 * y"2 +
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583216151744479232000 * y — 50578216047139640081))/
1125899906842624000000 + 1) = x

A 2.2 The following eight sets of polynomials in terms of convergence control

parameter c, are obtained by considering the set of parameter values
o, =0.393,0, = 0.527,p, = 0.766,r = 0.06,k = 1.876,a« = 0.106,1 =
0.198 using HAM for n=4

A 2.2.1 polynomial for x = 20,y =.10,t = 0.2

HP1 = — (628112726434687397 * c_0"4)/314572800000000000000 +
(18587766165791057 * ¢_073)/786432000000000000 +
(29893952840663 * c_0"2)/419430400000000 — (16 * c_0)/25 + 20
A 2.2.2 polynomial for x = 20.5,y =.10,t = 0.4

HP2 =

—(32190777229777732697 * c_0"4)/983040000000000000000 +
(38104920639871673 * c_073)/196608000000000000 +
(980521653173747 x ¢_072)/3355443200000000 — (164 *c_0)/125 +
41/2

A 2.2.3 polynomial for x =21,y =.10,t = 0.6

HP3 =

—(35613991588846775229 * ¢_0"4)/209715200000000000000 +
(1405235122133803551 * ¢_0"3)/2097152000000000000 +
(9039931339016493 * ¢_072)/13421772800000000 — (252 *

c_0)/125 + 21
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A 2.2.4 polynomial for x = 21.5,y =.10,t = 0.8

HP4 = — (5626843174310740713 * ¢_0"4)/10240000000000000000 +
(3197095780516061 * ¢_073)/1966080000000000 +
(1028351977718807 * c_0~2)/838860800000000 — (344 * c_0)/125 +
43/2

A 2.2.5 polynomial for x = 22,y =.10,t = 1.0

HP5 = —(1381847998156312261 * c¢_0"4)/1006632960000000000 +
(81786171129480643 * c_0"3)/25165824000000000 +
(526133569995669 * ¢_0"2)/268435456000000 — (88 * c_0)/25 + 22
A 2.2.6 polynomial for x = 22.5,y =.10,t = 1.2

HP6 =

— (238486550818170393261 * ¢_0"4)/81920000000000000000 +
(1505609059429075473 * ¢c_0"3)/262144000000000000 +
(2421410180093703 * ¢_072)/838860800000000 — (108 xc_0)/25 +
45/2

A 2.2.7 polynomial for x = 23,y =.10,t = 1.4

HP7 =

—(1156208969730091408873 * c_0"4)/209715200000000000000 +
(19551851637590087473 * ¢_0"3)/2097152000000000000 +
(53904775762283551 * ¢_072)/13421772800000000 — (644 *

c_0)/125 + 23
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A 2.2.8 polynomial for x = 23.5,y =.10,t = 1.6

HP8 = — (18450811339018940789 * c_0"4)/1920000000000000000 +
(7280208414934831 * ¢_073)/512000000000000 +
(1124012626808929 * ¢_072)/209715200000000 — (752 *c_0)/125 +

47/2

A 2.3 Convergence values n; from the section 5.4.2

A 2.3.1 considering a set of parameter values g, =.374,06, =.556,p1 =
.882,1=.316,a =.184,k = 1.829,r = 0.06,n = 4,7 & 10 for crude oil

n=4

n=7

n=10

0.993304

0.993304

0.993304

0.996712

0.996712

0.996712

0.992021

0.992021

0.992021

0.905004

0.905004

0.867625

0.867625

0.842512

0.842512

0.812944

0.790463

0.774609

A 2.3.2 considering a set of parameter values , =.274,0, =.280,p, =
.818,1 =.256,a =.248,k = 1.156,r = 0.06,n = 4,7 & 10 for copper

n=4

n=7

n=10

0.720052

0.720052

0.720052

0.8194

0.8194

0.8194

0.738257

0.738257

0.738257

0.69069

0.69069

0.659599

0.659599

0.627669

0.627669

0.602973

0.58253

0.564354
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A-3 THREE FACTOR COMMODITY PRICE MODEL
A 3.1 The following solutions obtained using ADM and VIM

A 3.1.1 considering a set of parameter values 6, = 0.344,0, = 0.372,03 =
.0081,p; = 0.915,p, = —.0039,p; = —.0293,r =0.06,k = 1.314,a =
0.249,4 = 0.353,a =.2,m" = 0.07082,n = 4 for crude oil

u, = ((y"4/24 — (y"3+z)/6 + (657 xy"3)/2000 + (y"2*2z"2)/4 —
(707 * y"2 % z)/1000 + (1116701114216027061706313 * y"2)/
2305843009213693952000000 — (y *z"3)/6 + (857 *y * z"2)/2000 —
(1112115528588023211891419 * y *

7)/3458764513820540928000000 + (9191231358087154633775179 *
v)/345876451382054092800000000 + z"4/24 — z"3/20 —
(52794053823725758965029 * z"2)/6917529027641081856000000 +
(1276295910593650082432933 * 2)/27670116110564327424000000 —
75850211898973245330435567933185927161595842351/
2658455991569831745807614120560689152000000000000) * t"4 +
((1440965710314408853 * y)/36893488147419103232 —
(1440965710314408853 * z)/36893488147419103232 — (((657 *
y)/500 + 232511841561883473/9007199254740992000) * (y — z +
657/1000))/3 + ((z/5 — 3541/250000) x (y — z + 1/10))/3 — ((y —
z) * ((657 xy)/1000 — z/10 + (y — 2)"2/2 —
44499519715401682428343/1152921504606846976000000))/3 +
719045837914905144123/14757395258967641292800) * t*3 + ((657 *
¥)/1000 — z/10 + (y — 2)"2/2 — 44499519715401682428343/

1152921504606846976000000) * t"2 + (z — y) *t + 1) *x
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A 3.1.2 considering a set of parameter values g4 =.266,6, = 0.249,03 =
.0096,p; = 0.805,p, =.1243,p3 =.0964,r = 0.06,k = 1.045,a =
0.255,1=0.243,a =.2,m" = 0.071152,n = 4 for copper

u, = ((y*4/24 — (y"3*2)/6 + (209 xy*3)/800 + (y"2xz"2)/4 —
(229 * y"2 % z)/400 + (2619392327841392113965257 * y"2)/
8646911284551352320000000 — (y *z"3)/6 + (289 *y * z"2)/800 —
(906898569533761009965257 * y * z) /4323455642275676160000000 +
(4684442840930330162975411 *

¥)/576460752303423488000000000 + z"4/24 — z"3/20 —
(33831335029897676498743 * z"2) /8646911284551352320000000 +
(224167868602822273957771 * z) /8646911284551352320000000 —
137569764088320164410750484395591850858452073317/
12461512460483586308473191190128230400000000000000) * t"4 +
((163168224238515099 * y)/9223372036854775808 —
(163168224238515099 * 2)/9223372036854775808 — ((y — z) *
((209 * y)/400 — z/10 + (y — 2z)"2/2 — 44903988894332262299581/
1441151880758558720000000))/3 — (((209 *y)/200 — 939/40000) *
(y — z + 209/400))/3 + ((z/5 — 4447/312500) * (y — z +

1/10))/3 + 422139938384214661/21617278211378380800) * t"3 +
((209 * y)/400 — z/10 + (y — 2z)"2/2 — 44903988894332262299581/

1441151880758558720000000) x t"2 + (z — y) *t + 1) *x

A 3.2 The following eight sets of polynomials in terms of convergence control
parameter c, are obtained by considering the set of parameter values
01=0.344,0, = 0.372,05 =.0081,p; = 0.915,p, = —. 0039, p3 =
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—.0293,r =0.06,k = 1.314,a = 0.249,1 = 0.353,a =.2,m" = 0.07082,
using HAM for n=4

A 3.2.1 polynomial for x = 20,y =.10,t = 0.2

HP1 =

(5026612180361843299610834822699 *
c_0"4)/4503599627370496000000000000000 +
(178121830788961517149787201 *
c_073)/45035996273704960000000000 + (2939146806851461098643 *
c_072)/562949953421312000000 + (76 * c_0)/25 + 20
A 3.2.2 polynomial for x = 20.5,y =.10,t = 0.4

HP2 =

(35192283089109065269018886193159 *
c_0"4)/11258999068426240000000000000000 +
(2279382355254207164996763241 *
c_073)/225179981368524800000000000 +

(67880457435085659284363 * ¢_0"2) /5629499534213120000000 +
(779 * ¢_0)/125 + 41/2

A 3.2.3 polynomial for x = 21,y =.10,t = 0.6

HP3 =

(563926752845141960980005228360999 =*
c_074)/90071992547409920000000000000000 +
(16989854830450164679293950967 *

c_073)/900719925474099200000000000 +
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(232050221257177124923527 * ¢_0"2)/11258999068426240000000 +
(1197 % ¢_0)/125 + 21

A 3.2.4 polynomial for x = 21.5,y =.10,t = 0.8

HP4 =

(7584033985033845553726264957307 *
c_0"4)/703687441776640000000000000000 +
(860070514361844783618385643 *
c_073)/28147497671065600000000000 +
(43595892544474684521649 * ¢_072)/1407374883553280000000 +
(1634 % c_0)/125 + 43/2

A 3.2.5 polynomial for x = 22,y =.10,t = 1.0

HP5 =

(1221852187176337800730094389689 *
c_0"4)/72057594037927936000000000000 +
(164303380498662613883576011 *
c_073)/3602879701896396800000000 + (9740559144475664149073 *

c_072)/225179981368524800000 + (418 *c_0)/25 + 22

A 3.2.6 polynomial for x = 22.5,y =.10,t = 1.2

HP6 =

(56530017510268065639810440185071 *
c_0"4)/2251799813685248000000000000000 +
(2901499942136733521629329843 *
c_073)/45035996273704960000000000 +
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(64794895691888515390083 * ¢_0"2)/1125899906842624000000 +
(513 * ¢_0)/25 + 45,2

A 3.2.7 polynomial for x = 23,y =.10,t = 1.4

HP7 =

(3202398746587515459625085543856877 *
c_074)/90071992547409920000000000000000 +
(78782362831573153475393660689 *
c_073)/900719925474099200000000000 +
(832646424498854150650661 * ¢_0"2)/11258999068426240000000 +
(3059 % ¢_0)/125 + 23

A 2.2.8 polynomial for x = 23.5,y =.10,t = 1.6
HP8 =

(1070157142057054241379409291239 *
c_0"4)/21990232555520000000000000000 +
(405268943397385144767166447 *
c_0"3)/3518437208883200000000000 + (32569895156920032276221 *

c_072)/351843720888320000000 + (3572 xc_0)/125 + 47/2
A 3.3 Convergence values n; from the section 5.4.2
A 3.3.1 considering a set of parameter values 64 = 0.344,0, = 0.372,03 =

.0081,p; = 0.915,p, = —.0039,p; = —.0293,r = 0.06,k = 1.314,a =
0.249,1=0.353,a =.2,m" = 0.07082,n = 4,7 & 10 for crude oil

n=4 n=7 n=10
0.985682 | 0.985682 | 0.985682
0.917339 | 0.917339 | 0.917339
0.876781 | 0.876781 | 0.876781
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0.823456

0.823456

0.774714

0.774714

0.735843

0.735843

0.703755

0.676473

0.653333

A 3.3.2 considering a set of parameter values 6, =.266,0, = 0.249,03 =
.0096,p; = 0.805,p, =.1243,p3 =.0964,r = 0.06,k = 1.045,a =
0.255,1=0.243,a =.2,m" = 0.071152,n = 4,7 & 10 for copper

n=4

n=7

n=10

0.944451

0.944451

0.944451

0.837053

0.837053

0.837053

0.793577

0.793577

0.793577

0.739345

0.739345

0.692874

0.692874

0.65535

0.65535

0.624263

0.598043

0.5757
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